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Cycle type factorizations in GL,F,

Graham Gordon

ABSTRACT Recent work by Huang, Lewis, Morales, Reiner, and Stanton suggests that the regu-
lar elliptic elements of GL,[Fy are somehow analogous to the n-cycles of the symmetric group.
In 1981, Stanley enumerated the factorizations of permutations into products of n-cycles. We
study the analogous problem in GL,[F, of enumerating factorizations into products of regu-
lar elliptic elements. More precisely, we define a notion of cycle type for GL,F; and seek to
enumerate the tuples of a fixed number of regular elliptic elements whose product has a given
cycle type. In some cases, we provide explicit formulas. Our main tool is a standard character-
theoretic technique due to Frobenius, which we make use of by finding simplified formulas for
the necessary character values. For every case in which we are not able to compute an explicit
formula, we at least determine the asymptotic behavior. We conclude with some results about
the polynomiality of our enumerative formulas and some open problems.

1. INTRODUCTION

Factorization enumeration has a long, ongoing history filled with interesting combina-
torics and topology [3, 5, 6, 8, 14, 17, 33]. For example, in [28], Stanley enumerated the
ordered factorizations of an arbitrary permutation in &,, into a product of n-cycles.
We are interested in finding an analogue of Stanley’s result for the finite general linear
group GL,, F,.

We introduce some notation in order to state Stanley’s result. For each partition
bk n,let C, C &, denote the conjugacy class consisting of permutations with cycle
type u. Let m;(u) denote the multiplicity of ¢ in u. For A F n, let Xfi denote the
irreducible character x* of &,, corresponding to A evaluated on an element of Cu-
Let N ={1,2,3,...} denote the positive integers. For any u F n and k € N, define

(1) G = #{(tr, - tk) €CLy st -ty €Cu}.

The quantity g, is #C,, times as large as the aforementioned quantity Stanley com-
putes.
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G. GORDON

THEOREM 1.1 (Stanley [28, Theorem 3.1)). For alln,k € N and i - n, the number of
ordered k-tuples of n-cycles whose product has cycle type i is

rk: (n r,1")

#Gn 22: ) ’

(2) Gk, =

and, more explicitly,

3)

- R R ()

Theorem 1.1 was proved using a character-theoretic technique due to Frobenius
which we describe in Section 2.1. The simplicity of (2) comes from the fact that
Xf\n) = 0 unless X is a hook, i.e., A = (n —r,1") for some r € {0,...,n — 1} (see
Corollary 2.3). The more explicit phrasing (3) is obtained by evaluating the hook
characters explicitly [28, Lemma 2.2]. For some historical context, see the work of
Bertram-Wei [1], Boccara [2], and Walkup [34]. In all three papers, the authors de-
veloped formulas enumerating factorizations of permutations into products of two
cycles of various lengths. The use of character theory appears in [1, Section 3], and
their results coincide with Stanley’s in some cases. Stanley’s result of course only ap-
plies to factoring permutations into products of n-cycles, but it applies to cases with
more than two factors.

Let GL,, F, denote the group of n X n invertible matrices with entries in the finite
field F, with g elements. Given a matrix g € GL,, F,, we define the cycle type of g
to be = (u1, ..., ue) - n if the degrees of the irreducible factors of the characteristic
polynomial of g are p1, ..., us in weakly decreasing order, and we write type(g) = u.
This definition is built on work by Kung [18] and Stong [32] which suggests that a
degree-m divisor of the characteristic polynomial of a matrix in GL,, I, is the analog
of a cycle of length m in a permutation in &,,. For each p F n, let 7,(¢) C GL, F,
denote the subset of matrices of cycle type u. Note that {7,(¢) : u+ n} is a partition
of GL,, F,.

Recent work by Huang, Lewis, Morales, Reiner, and Stanton [16, 21, 22] inves-
tigated the regular elliptic elements of GL, F,, which are those matrices whose
characteristic polynomial is irreducible over IF,. Their work suggests that the regular
elliptic elements are analogous to the n-cycles in &,, from the perspective of enumer-
ating factorizations. This agrees with our definition of cycle type, as both the n-cycles
of &,, and the regular elliptic elements of GL,, F, have cycle type (n).

We also consider the regular semisimple elements of GL,, F,, which are those
matrices whose characteristic polynomial has no repeated irreducible factors. Let
77?((1) denote the set of regular semisimple elements with cycle type p. Note that
{7:? (g) : p - n} is not a partition of GL,, F, in general, as not all elements of GL,, F,
are regular semisimple for n > 2. However, as the following result implies, for large
g, an arbitrarily large proportion of GL,, F, is regular semisimple. Let z, denote the
cardinality of the centralizer of an element of C, in &,,.

COROLLARY 1.2 (to Corollary 2.16). For alln € N and ptn,

(]
i (@ #Tule) 1
g—oo #GL,F;  a=o0 #GL,F, 2,
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In analogy with (1), we define for any p F n,k € N, and prime power g,
gk,#(Q) = #{(tlv cee 7tk) € 7—(n)(Q)k ity € 7;((])}7 and
ginu(@) = #{(t1,. .. te) € Ty (@ s t1--ti € T2 ()}

In this paper, we consider the quantities g, ,(q) and gE#(q) to be GL,, F -analogues
of gk, and we seek simple formulas for computing them. Note that g ,(¢q) = gEH(q)
if all the parts of pu are distinct. Furthermore, as suggested by Corollary 1.2 and
proved in Theorem 1.8 below, g ,.(¢) and gE ,.(q) have the same asymptotic behavior
as q — 0o.

The following theorem is our first main result. To state the theorem, and through-
out the paper, we make use of the standard g-analogues

(4) [mlg =1+q+¢" +---+q¢" ",
(5) mlg! = [[(6ly,  and

=1
) = m = a

each of which is an integer polynomial in ¢, for non-negative integers £ < m.

THEOREM 1.3. For all n,k € N with n > 2, all prime powers q, and all = n with
mi(u) =1, we have

_ #Tw@" #T7@) ()R
#GL,F — 41 _1p \F U
ned r=0 (q( 2 ) [nr L;)
Compare (7) with the analogous formula (2) from the symmetric group. As one

particular consequence, it follows that, for the cases of u discussed in Theorem 1.3,
we have

(7) 95 (@)

(]

(8) lim gE’“(q) # GLa Fy _ 9ku- #6S,
o #TT(Q) - #To@F  #Cu #CL,)
where the limit is taken after substituting for each term on the left side the rational
function which agrees with it on prime powers. Equation (8) gives some justification
that gE #(q) is a g-analogue of gy, in the traditional ¢ — 1 sense.
The following special case of Theorem 1.3 is especially simple.

COROLLARY 1.4. For all n,k € N with n > 2 and all prime powers q, we have

#T) (0)" - #T(n—1,1)(a) (=prhnE
(9 grin1.1)(@) = gF (s (@) = #GLnﬂiq = '<1+q(3)<kl> :

Compare (9) with the analogous formula

#Cl - #Cn-1,1) o

from the symmetric group. Observe that (10) is zero unless both n and k are even,
which can be proved by comparing the sign of an (n—1)-cycle with the sign of a k-fold
product of n-cycles. Interestingly, this behavior is not mimicked by (9), highlighting
a fundamental difference between cycle type in GL,, F, and cycle type in &,,.

Our second main result is an explicit, albeit complicated, formula for g ,)(q),
which involves nested sums over divisors of n. We require some more notation before

(10) 9k, (n—1,1) =
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stating the result. We denote the usual Mébius function by p to differentiate it from
a partition named u. The rest of the necessary notation is contained in Table 1 below.

THEOREM 1.5. For all n,k € N and prime powers q, we have

(11) gk,(n) (Q) = Pn7k+1(q) Z(_1)n(k+1)/dden7k+l,d(q) Zﬂ'(d/c)cn,lwkl}c(q)a
dln cld

using the notation in Table 1.
The analogous formula from &, is

ey k—1
(12) gk,(n):( nl)' Z(i;%) .

r=0 T

Unfortunately, it is not immediately obvious how to compare (11) with (12).

TABLE 1. Functions and their values for n € N, d | n, ¢ | d, and prime
powers ¢. The lem in the denominator of C, 1..(¢) is computed in Z.

f fla)
Yn g3 (g - 1)l
, k
1 (=1)"vn(q)
Pk %(q)( n(g"—1) )
a1, @ =D et
degn,d,r q 2 H;‘:/‘li(qjd_l) [ T ]qd
Z_1
Dn,k,d ;1:0 (_1)Tk degn,d,r(Q)zik
(@" =) [ (g —Dp(n/s:)]
Cn7k,c Zsl,...,sk|n (qn71 ! s )
lem qc_l,qsl—l,...,q k—1

REMARK 1.6. There are many cases not addressed by Theorems 1.3 and 1.5. One
family of unaddressed cases is when mq (p) > 1. Another is when ¢ > 1 and m4 (1) = 0.
It is an open problem to find efficient formulas for gx ,(g) in these cases.

Our approach to proving Theorems 1.3 and 1.5 is to apply the same character-
theoretic technique due to Frobenius that Stanley used in [28]. Fortunately, Green ex-
plicitly computed all characters of the finite general linear groups [15]. Using Green’s
results, we prove the following formula for evaluating primary characters of GL,, F,
on regular semisimple elements. See Sections 2 and 3 for missing notation. In particu-
lar, primary characters are denoted x/~*, where f € F,[2]\ {2z} is monic, irreducible,
and non-constant, and X is a partition such that |A|-deg f = n. Also note that ¢; € Z
and the codomain of the function 6 is C*.

THEOREM 1.7. Suppose n € N, d | n, A+ n/d, q is a prime power, f € Fy(q), pt n,
g€ nm(q), and hy, ..., hy,y are the distinct irreducible factors of the characteristic
polynomial of g. If some part of yu is not divisible by d, then x/~*(g) = 0. Otherwise,

there exists i = n/d such that p = dji, and
n £(p) 1 )
(13) R ORICO LR | ED DRI R
=1 T
hi(Bi)=0
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Theorem 1.7 also enables us to determine the asymptotic behavior of gx ,(q). We
define

Gk (Q)
(14) Pru(a) = Fon(@F

which is the probability that the product of a randomly chosen k-tuple of regular
elliptic elements is in 7,,(¢). We are only concerned with the nontrivial cases k > 2.
Of course, Theorems 1.3 and 1.5 provide exact formulas for p ,(¢) in certain special
cases, but we are also interested in the behavior of py ,(q) as ¢ becomes arbitrarily
large. For the case of regular semisimple elements, we define

9i (@)
(15) pE,#(Q) = W

Again, Theorems 1.3 and 1.5 provide exact formulas for pE M(q) in some special cases.
However, we are able to compute limg_, o Pk, (¢) and limg_, pEM(q) for all - n.

THEOREM 1.8. For all n,k € N with k > 2 and p F n, we have

1
(16) Jim pr(g) = Jim pi,(a) = o

In light of Corollary 1.2, one interpretation of Theorem 1.8 is that, for large ¢,
random products of regular elliptic elements are approximately distributed uniformly
throughout GL,, F,. We do not currently have a heuristic explanation for this behavior,
nor do we know how random products of regular elliptic elements are distributed
among individual conjugacy classes.

Even though Theorem 1.8 describes the asymptotics of gy ,(q) as ¢ — oo, it does
not address the specific behavior of g, (¢) for small ¢. It turns out that Theorem 1.3
gives a family of examples where the function gE M(q) is a polynomial in g—see Corol-
lary 6.1. However, gy, (n)(q) is not necessarily a polynomial, or even rational, function
of ¢. This is because the lem function in C), j .(¢q) is not rational. Instead, we have
the following result.

COROLLARY 1.9 (to Theorem 1.5). Suppose n,k € N and n is prime. There exist
polynomials fo, f1,..., fn—1 € Q[z] depending only on n and k with the property that,
for each i € {0,...,n — 1}, we have

(17) Gk, (n)(@) = fi(q)  for all prime powers ¢ =i (mod n).

In other words, gy, (n)(q) is a quasipolynomial function of q.

The rest of the paper is organized as follows. In Section 2, we discuss some prelim-
inary information, including the character-theoretic technique and details regarding
the symmetric groups, finite fields, and the finite general linear groups. In Section 3,
we provide a concise retelling of Green’s original formulation of the characters of the
finite general linear groups [15]. In Section 4, we prove Theorems 1.3 and 1.5, our
main enumerative results. In Section 5, we prove Theorem 1.8, our main asymptotic
result. In Section 6, we discuss polynomiality, prove Corollary 1.9, and list some open
problems.

2. PRELIMINARIES

2.1. THE CHARACTER THEORY APPROACH. We assume basic knowledge of the ordi-
nary complex character theory of finite groups, as in Fulton—Harris [12] or Serre [27].
We will make use of a standard character-theoretic technique based on the follow-
ing result due to Frobenius. For a straightforward proof, see Zagier’s Appendix A
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in Lando—Zvonkin [19]. Let G be a finite group, and let Irr(G) denote the set of all
irreducible characters of G. For x € Irr(G), let degx denote the value of yx at the
identity element of G.

THEOREM 2.1 (Frobenius [9]). Let k be a positive integer, and, for eachi € {1,... k},
let A; be a union of conjugacy classes in G. For any g € G, the number of tuples
(t1,...,tk) € Ay X -+ X Ay such that ty-- -t = g is given by

k
(18) LS (e e H Y v

#G XEIrr(G) i=1t€A;
COROLLARY 2.2. For all n,k € N, ut n, and prime powers q,
k
1 _
(19) grula) = m Z (deg X)l g Z x(9) Z x(h)
"4 el (GL, Fy) 9ET(m) (@) heT.(q)

Moreover, the same is true when both g, (q) is replaced with gE”(q) and T,(q) is
replaced with ’7;‘:' (q).

Proof. Consider applying Theorem 2.1 to the case of k+ 1 factors, the first k of which
are regular elliptic and the last of which has cycle type pu. Each 7,(¢) is a union
of conjugacy classes (see Section 2.4.2), and so the hypotheses of Theorem 2.1 are
satisfied. Moreover, each 7,,(q) is closed under taking inverses, implying factorizations
of the form

(t1,...,tr) € Ty (@)* such that t -t € Tou(q)
are in bijection with factorizations of the form
(t1,.. . g, tey1) € ﬁn)(q)k X Tu(q) such that t;---tpp1 =id.
Thus,
Gren(@) = #{(t1, - e ter1) € Tiny(@)® X Tulg) s 1 -+ tega = id}.
Applying Theorem 2.1 with

A=Ay = =4 =Tn(q), Arr1(q) =T.(q), andg=id
gives the result since x(g) = x(id) = deg x. The final claim regarding regular semisim-
ple elements follows from the same argument. g

2.2. THE SYMMETRIC GROUPS AND PARTITIONS. We will require some specific infor-
mation about the irreducible characters of the symmetric group &,,. This information
can be found in Stanley [29] and Sagan [26]. See also Fulton—Harris [12] or Fulton [11]
for added discussion on the irreducible characters of the symmetric groups.

A partition of n is a weakly decreasing sequence of non-negative integers pu =
(1, 2, . ..) such that > .-, pu; = n, denoted by p = n. Denote by & the unique
partition of 0 and by [J the unique partition of 1. Let Par denote the set of all partitions
of all non-negative integers. Each pu; is called a part of u. The number of nonzero
parts of p is called the length of 1 and is denoted by £(u). The conjugate of y is
denoted by p/ and defined by p} = #{j > 1: p; > i} for all i > 0. The multiplicity
of a positive integer i in a partition p is defined as #{j > 1 : p; = ¢} and denoted
by m;(p). In general, if some part of a partition is repeated, we denote this with a
superscript. Moreover, we omit zeros. For example, (3,2%) is the same as (3,2,2,2,2).
A partition of the form (n —r,1") F n for some r € {0,...,n — 1} is called a hook.
An important statistic on partitions is y — 2, defined by z, = [[;5, i) ().
If d is a positive integer, then we use du to denote the partition (duy,dus,...) of dn.
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The conjugacy classes of &,, are in bijection with the partitions of n as follows.
Ir=(mu. i) (Te1,. . Tep,) € 6y is a cycle decomposition of m with
1 = o = -+ = g, then the conjugacy class of 7 is indexed by the partition
= (p1, tho, - . ., ). The partition p is called the cycle type of the permutation .
Let C,, denote the conjugacy class consisting of those permutations with cycle type p.
The statistic u — 2, has the following algebraic interpretation. If o € &,, has cycle
type p, then z,, is the number of permutations in &,, which commute with o. By the
orbit-stabilizer theorem [7, Proposition 4.3.6], #C, = n!/z,.

The irreducible characters of &,, are indexed by partitions of n in a standard way.
If A F n, let x* denote the character indexed by \. Let xf; denote x* evaluated
on any element of C,. There is a combinatorial formula, known as the Murnaghan—
Nakayama (MN) rule, for computing the irreducible character values for the symmet-
ric groups [24, 25]. See [29, Theorem 7.17.3] for a full statement and proof. We will
use the following two special cases.

COROLLARY 2.3 (to the MN rule). For all n € N and A+ n, we have

(-=1)", A= (n-r1") for somer € {0,...,n—1},
0, otherwise,

and

1, A= (n),

(=", A=),

(=D)L, A= (n—7r,2,1""2) for somer € {2,...,n — 2},

0, otherwise.

(21) Xf\nfl,l) =

2.3. FINITE FIELDS. We assume some basic knowledge about finite fields, all of which
can be found in Dummit—Foote [7]. Let ¢ be a prime power. For all positive integers
m, there is a degree-m field extension Fym of F,. For positive integers m and m’, we
have the containment Fym C F .. if and only if m | m’. For any field F, let F* denote
the multiplicative group of its nonzero elements, called the unit group. The unit
group of any finite field is cyclic. Moreover, in the case m | m’, we have that F,Ixm isa
subgroup of ]qum,.

Let F(q) C Fg4[z] denote the set of monic, nonconstant, irreducible polynomials
over I, excluding z itself. For each d € N, let F4(q) = {f € F(q) : deg f = d}. Let U
denote disjoint union.

LEMMA 2.4. For all d € N and prime powers q,

(22) Fro=] || {eeFy:fla)=0}

C|d fe]'-C(q)

Proof. Every element of qud is the root of an element of F(gq) with degree dividing d.
The union is disjoint because distinct monic, irreducible polynomials over IF, do not
have shared roots. O

X
qn! I
group homomorphism 6 : IF;L! — C* mapping € — 2™/(@" 1) Note that we omit

For each n € N, fix a generator e of the cyclic group F and fix an injective

the dependence of € on n and rely on context instead. For each d € {1,...,n}, let
€q denote ¢ raised to the power (g™ — 1)/(¢? — 1). The multiplicative order of €4 is
q? — 1, and ¢4 is a cyclic generator of IFqu. Also, 6 maps IFqu isomorphically onto the

group of (g¢ — 1)*" roots of unity.
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COROLLARY 2.5. For alln € N, d € {1,...,n}, and prime powers q,

(23) {cec:e =1} = || || {09(e): a€FL, fla) =0}

c\d fe}_L'(‘Z)

Proof. Apply 6 to each element on the left and right sides of (22). O

For each d € N, the Galois group of Fa over F, is cyclic of order d, generated by
the field automorphism
qu —)]qu, a—af.

Therefore, for each f € Fy(q), if « is any root of f, then oz,oﬂ,oz‘f,...,oﬂCF1 are

distinct and are all the roots of f. Since ]qud is generated by €4, there exists some

¢ € Z such that € is a root of f. Assign to f an arbitrary integer £; such that eéf is
a root of f. To combine the previous three sentences, we have for all d < n and all
f € Fa(q) that

d—1 i
(24) f=1] (z - (ezf)q ) .

i=0
Observe that the choice of ¢; is unique up to multiplication by powers of ¢ and
addition of multiples of ¢ — 1. Our results are independent of the choice of ¢ i

In case we are considering a polynomial f with degree d dividing n, we will also

make use of the quantity £; - [n/d],a, viewing it as an element of Z/(¢™ — 1). More
precisely, define the group isomorphism

(25) On :Fr —Z/(q"—1) by 0n(eh)=¢ modq¢"—1 V€L
It follows that 6,, maps € to £+ [n/d],a.

COROLLARY 2.6 (to Lemma 2.4). For alln € N, d | n, and prime powers q,
(26)  {m-[n/dlge :meZ/(q" =1} =]] || {fnla):aeFy, fla)=0}
C‘d fe]:c(Q)

Proof. Apply 6,, to each element on the left and right sides of (22), recalling that
d | n and IE‘qu is the unique subgroup of F}%. of order ¢% — 1. O

ExAMPLE 2.7. Consider the case ¢ = 3, n =4, and 0 : € — (, where

¢ = e2mi/(q™ 1)

We write F5 as {0,1,2} under addition and multiplication modulo 3. We record in
Table 2 the polynomials f € F(q) with degree dividing n, together with all possible
choices for £; modulo ¢% — 1 and all possible choices for £; - [n/ deg f] aez s modulo
q" — 1. For the sake of brevity, we omit most of the degree four polynomials, of which
there are 18 total as per (34) below. Note that these values depend on the choice of e.

We can also visualize the data from Table 2 in the complex plane as follows. Observe

that § maps €, to
£= (T,
a (¢" — 1)™ = 80™ root of unity. Given a choice of ¢4 for some f in Table 2 with
degree d | n, we have
_ by tpen/d]a
a=¢] =€,

is a root of f,

(a) = dat e % and  G,(e) = b5 - [n/d]ge € Z/(¢" — 1).
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TABLE 2. Choices for £; and ¢y - [n/ deg f] aes s with ¢ =3 and n = 4.

f ‘ Ef ‘ Ef . [n/ deg f]qdegf
242 0 0
z4+1 1 40
2242242 1,3 10, 30
2241 2,6 20, 60
24242 5,7 50, 70
2422342 1,3,9,27 1,3,9,27
A 4+284+2241 2,6,18,54 2,6,18, 54
A4 23422411 4,12,28,36 4,12,28,36

FIGURE 1. Images under 6 of roots of polynomials from Table 2

Figure 1 shows the complex plane and the images under € of all the roots of all the
polynomials f € F1(3) U F2(3) U F4(3). The images under 6 of roots of polynomials
in F1(3) are labeled by the largest nodes, those for F»(3) by the medium-sized nodes,
and those for F4(3) by the smallest nodes.

One can observe in Figure 1 the following instance of Corollary 2.5. The images
under 6 of the roots of polynomials in F;(3) U F»(3) form the set of (g% — 1) = 88
roots of unity, pictorially represented by the medium and large nodes.

One can also observe the following instance of Corollary 2.6 in either Table 2
or Figure 1. The images under 6,, of the roots of polynomials in Fi(3) U F3(3) are
0,10,20,...,70. These are precisely the multiples of (¢"—1)/(¢*~1) = 10in Z/(¢"—1).

2.4. THE FINITE GENERAL LINEAR GROUPS. The finite general linear group GL,, I,
is the group of n x n invertible matrices with entries in the finite field I, with ¢
elements. We will occasionally have need to view the elements of GL,, F, abstractly
as linear transformations on an n-dimensional [F -vector space. The cardinality of
GL, Fy, is 7, (q) as defined in Table 1 [30, Proposition 1.10.1].
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2.4.1. Indexing the GL, F, conjugacy classes. We first discuss how to index the con-
jugacy classes and irreducible characters of GL,, Fy. Let V' = Fy. Then GL, F; acts
on V via matrix multiplication.

Consider a fixed g € GL,, F,. Let V, denote the vector space V' endowed with an
F,[z]-module structure by defining the action F,[z] x V; — V, to be (f(2),v) —
f(g9)(v). The polynomial ring F,[z] is a principal ideal domain, and V is finite-
dimensional as an Fg-vector space, hence Vj is finitely generated as an Fy[z]-module.
By the structure theorem for finitely generated modules over principal ideal do-
mains [7, Theorem 12.1.6], there exists a unique function A9 : F(¢) — Par such
that

(27) V,2 @ @FL/(FEA0)
feF(q)iz1
as F,[z]-modules, where A\?(f); denotes the i*" part of \7(f). We say that g deter-
mines the isomorphism (27). Moreover, g; and go are conjugate in GL,, F, if and
only if A9t = )92, If g is clear from context, we omit the superscript from A\?. The
function )\ : F(g) — Par is said to index the conjugacy class of g € GL,, F,, and we
denote this conjugacy class by Cj.
Define the norm of an index A : F(¢) — Par to be

(28) A= " A deg f.

fer(a)

Computing dimensions of each side in the isomorphism given in (27) implies the
equation n = ||A||. Therefore, to each conjugacy class C' C GL,, F,, we can associate
a unique index A\ with n = ||A|| such that C' = Cy. In [15], Green shows that the
condition n = ||A|| is necessary and sufficient for A to be the index of some conjugacy
class in GL,, Fy. Thus, conversely, to every index A with ||A|| = n, there exists a unique
conjugacy class of GL,, F; with index A.

Given A, one can read off the characteristic and minimal polynomials of g as fol-
lows. The minimal polynomial is ]| FEF(Q) 21 and the characteristic polynomial is

er}-(q) fIANI Moreover, we can use the isomorphism (27) to write down a specific

matrix whose conjugacy class is indexed by A as follows. If h(z) = 2" — a, 12" —
-+ — a1z — ag € Fy[z], then the companion matrix of h is defined by

00---0 ag
10---0 ay

A(h) = 01---0 ag
00---1 Ap—1
where A(1) is the empty matrix. Given g € GL,, F; which determines the isomorphism
(27), g is in the same conjugacy class as any block-diagonal matrix whose diagonal
blocks are those nonempty matrices A(f2()¢) for f € F(q) and i > 1. Any block-
diagonal matrix with these diagonal blocks arranged in any order of non-increasing size
from the upper-left corner to the lower-right corner is said to be a rational canonical

form of g. Furthermore, if g itself is in this form, say that g is in rational canonical
form.

ExAMPLE 2.8. Consider the matrix

010
g = 110 EGLgFQ.
001
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This matrix is block-diagonal, with diagonal blocks of size 2 and 1. The blocks are
the companion matrices of the polynomials 22 + 2z + 1 and z + 1 € Fy[2], respectively.
Thus, g is in rational canonical form. The conjugacy class of g has index A defined by

(1) iff=2242+1,
M=) if f=z4+1,

@  otherwise.

The characteristic polynomial of g is (2 + 1)(2% + 2 + 1) = 23 + 1 € Fy[z], which is
also its minimal polynomial.

Define the support of an index A by suppA = {f € F(q) : A(f) # @}. Observe
IAll < oo implies # supp A < oo. Call an index \ primary if #suppA = 1. If )\ is
primary with supp A = {f} and A(f) = A, then we denote A simply by f — A. For
example, z — 1 — (1™) is the index for the identity matrix of GL, F,. We refer to a
conjugacy class itself as primary if its index is primary, and we refer to an element as
primary if it is a member of a primary conjugacy class.

The following result allows us to compute the sizes of conjugacy classes in GL,, F,.

For - n and ¢ € N, define s;(u) = 22‘:1 -

THEOREM 2.9 ([30, Theorem 1.10.7]). For all n € N, prime powers q, and A : F(q) —
Par with ||A|| = n, we have

Tn(9)
29 c :
(#) #a= [T perp [is T2 ((qesr) 00 — (gdes F)si(2()=1)

EXAMPLE 2.10. Consider GL3 F2. The degree 1, 2, and 3 polynomials in F(2) are
fi=z+1fo=224+24+1,f3=22+22+1, and f3 = 2> + 2z + 1. There are six
functions \ : F(2) — Par satisfying ||A|| = 3, which index the conjugacy classes and
irreducible characters of GL3 Fy. The primary ones are
fl — (13171)7 fl = (271)a fl = (3)7 f3 = (1)7 and f~3 — (1)
There is only one more left to define. We call it A . It is defined by
Ao(f) =9 @) if f=fo

@ otherwise.

We now name all of the conjugacy classes, indicate a member in rational canonical
form, and indicate what function F(2) — Par indexes the class.

The conjugacy class Uy of :é g %: is indexed by f; — (1,1,1).
The conjugacy class Uy of [(?) é Eﬂ is indexed by f1 — (2,1).
The conjugacy class Us of :g % i is indexed by f1 — (3).
The conjugacy class F of :g % é is indexed by f3 — (1).
The conjugacy class E of :El)) ElJ) é is indexed by f3 — (1).
The conjugacy class C, of :g é %: is indexed by A, .

The conjugacy classes are named as follows. The unipotent classes are Uy, Uz, and
Us. The regular elliptic classes are F and E. The odd one out is C,. As an example
of Theorem 2.9, we compute the cardinality of Us,. Recall that the index for U, is
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primary with support {f;}. Furthermore, the image of f; is (2,1) = (2,1)' F 3, and
m1((2,1)) = ma((2,1)) = 1. By Theorem 2.9,
75(2) 20:)[3]o!

0 V2= = =21.
(30) #Uz H?zl (Qsi((z,l)) — 2&((2,1))_1) (22 —21)(23 — 22)

2.4.2. Cycle type, reqular semisimple elements, and regular elliptic elements. Recall
the definition of cycle type for GL,, F; from the introduction. The definition given in
the introduction is equivalent to the following. For any matrix g € GL,, F,, type(g) =
u if and only if

miw) = 3 1))

feFi(a)
for each i € {1,...,n}. Recall that we define, for u F n and ¢ a prime power,
(31) Tula) = {g € GL, Fy : type(g) = p}.

Since conjugate matrices have the same characteristic polynomial, each 7,(q) is a
union of conjugacy classes, and {7,(q) : p - n} forms a partition of GL,, F,.

EXAMPLE 2.11. Using the notation from Example 2.10 above, 7(1,1,1)(2) = U1UU,UUs,
T(2,1)(2) = Co, and T5)(2) = EUE.

We now discuss a special class of matrices in GL,, Iy, the regular semisimple
elements. An element of an algebraic group is called regular if the dimension of
its centralizer is equal to the dimension of a maximal torus of the group. A ma-
trix in GL,, IF, is called semisimple if it is diagonalizable over an algebraic closure
of F,. A matrix in GL,, F, is called regular semisimple if it is both regular and
semisimple. See Lehrer’s work [20] for a discussion on the regular semisimple variety
in algebraic groups in both characteristic zero and positive characteristic. In partic-
ular, Lehrer gives a formula [20, Corollary 8.5] enumerating the regular semisimple
elements in GL, F,. Fulman gave the following combinatorial characterization of the
regular semisimple elements of GL,, F,,.

THEOREM 2.12 (Fulman [10]). For alln € N and prime powers ¢, a matriz g € GL,, F,
is reqular semisimple if and only if N(f) € {@, (1)} for all f € F(q).

REMARK 2.13. Theorem 2.12 explains our choice of the notation 7;':’ (q) due to the
fact that the partition (1) can alternatively be represented by its Young diagram, (.

We will take Fulman’s characterization as the definition of regular semisimple el-
ements in this paper. In other words, we define an element of GL,, F, to be regular
semisimple if its characteristic polynomial has no repeated factors.

COROLLARY 2.14. Suppose n € N, q is a prime power, g € GL,, F, is reqular semisim-
ple and hy,...,hy € F(q) are the distinct irreducible factors of the characteristic
polynomial of g. Then g determines the isomorphism

(32) Vo = Fgl2]/(h1(2)) & - - - @ Fg[2]/ (he(2))-
Recall that we define, for 4 - n and ¢ a prime power,
(33) '7;':'((]) = {9 € 7.(q) : g is regular semisimple}.

The set {’7;'3((]) : o F n} is not a partition of GL,, F, in general because not all
matrices in GL,, [, are regular semisimple. However each 7;D(q) is still a union of

conjugacy classes, and the set {7;'] (¢) : p F n} at least partitions the set of regular
semisimple elements in GL,, F,,.

Algebraic Combinatorics, Vol. 5 #6 (2022) 1438



Cycle type factorizations in GL,Fq

EXAMPLE 2.15. Using the notation from Example 2.10 above, 7'('1]71’1)(2) is empty,
T31)(2) = Co, and T5)(2) = EU E.

We now derive an explicit formula for #7;? (¢) by combining Theorems 2.9 and 2.12.
As mentioned by Green in [15], we have

1 S
(34) #Fm(a) = — > u(m/s)(g° —1)
slm
for all m > 1 and prime powers ¢, a result originally due to Gauss in the case that ¢

is prime [13].

COROLLARY 2.16. Suppose n € N, u = n, and q is a prime power. Then 7;D(q) s a
union of conjugacy classes, each with cardinality

Tn (Q)

O — (@) #7i(a)
#7 (@) = 1% (gre — 1) Zl;[l (mi(.“) )

Recall that Corollary 1.2 states that, for large ¢, the set ’72:‘((]) comprises approx-
imately 1/z, of GL, F,. We now show how it follows from Corollary 2.16.

Therefore,

Proof of Corollary 1.2. First, we prove the regular semisimple portion of the claim.
By Corollary 2.16 and the fact that v,(¢) = # GL, F, for prime powers g,

#72:’((]) . Hi>1 (ﬁzf(;(tq)))

35 = .
( ) #GL, Fq Hé(“) gt — 1

For each i > 1,
) (i)

is a polynomial in ¢ with degree i - m;(u) with leading coefficient 1/i™ () my;(u)!.
Therefore, the numerator of the right side of (35) is a degree-|u| polynomial in ¢
with leading coefficient 1/z,. The denominator of the right side of (35) is a degree-|u|
polynomial in g with leading coefficient 1. The result follows from taking the ¢ — oo
limit of (35).

Second, we prove the remaining claim using what we have already proved. Observe

that #7,7(q) < #7,.(q) implies

1 T
(37) 1 A #Tu@)

zy  a—=oo #GL,Fy " a0 #GL, F,
for each pu - n. However,
(38) Z —=1= Z

pkn u pkn #GL ]F
because cycle type partitions GL,, ;. This implies that the limit
H#Tu(@)
li

(39) 400 # GL, F,

cannot exceed 1/z,, as desired. a
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In addition to Theorem 2.12, we will make use of the following characterization
of regular semisimple elements, which appears as the final corollary in [4, Section 3].
Recall that a matrix g € GL,, F, is said to stabilize a subspace U C V if g(u) € U for
all u € U. Recall also that the lattice of stable subspaces of a matrix g € GL,, I,
is the set of subspaces U C V that g stabilizes, ordered by inclusion.

THEOREM 2.17 (Brickman—Fillmore [4]). For all n € N and prime powers q, a matriz
g € GL,, Fy is reqular semisimple if and only if the lattice of stable subspaces of g is
a Boolean lattice.

Next, we discuss another special class of matrices in GL,, IF, the regular elliptic
elements. Recall from the introduction that we have defined a matrix g € GL,, F, to
be regular elliptic if its characteristic polynomial is irreducible. Equivalently, the set
of regular elliptic elements in GL,, F, is T(n)(q) = ’T(E) (g). This is just one of several
characterizations of regular elliptic elements that we will find useful.

PROPOSITION 2.18 ([22, Proposition 4.4]). For all n € N and prime powers q, the
following are equivalent for an element g € GL,, IFy.

(i) The element g is reqular elliptic.
(ii) For all x € GL, Fy, zgz~! € P, = v = (n), where P, is defined by (42)
in Section 3.1 below.
(iii) The element g stabilizes no proper nontrivial subspaces of V.
(iv) The element g determines the isomorphism

(40) Ve = Fql2]/(ha(2)),
where hy € F,(q) is the characteristic polynomial of g.

Finally, we combine the results about regular semisimple and regular elliptic el-
ements. The next result, which classifies the possible stable subspaces of a regular
semisimple element, will be central in proving our main tool, Theorem 1.7.

COROLLARY 2.19 (to Theorem 2.17 and Proposition 2.18). Suppose n € N, ¢ is a
prime power, and g € GL, Fy is a reqular semisimple element which determines the
isomorphism

(41) Vg Z 2]/ (hi(2)) @ - - © Fy[2]/(he(2))

as in (32), where hy, ..., he € F(q) are distinct and irreducible. Suppose g stabilizes

a subspace U C V. Let U C Eszl F,[z]/(hi(2)) denote the submodule corresponding
to U under the isomorphism (41). Then there exists a subset I C {1,...,¢} such that

Proof. By Theorem 2.17, it suffices to show that, for each i € {1,...,¢}, g stabi-
lizes no proper nontrivial subspace of Fy[z]/(h;(z)). Consider the restriction of g to
F,[z]/(hi(2)). Since each h; is irreducible, the restriction of g to F,[z]/(h;(2)) is regular
elliptic. By Proposition 2.18, we are done. U

3. GL,,[F; CHARACTER THEORY

In this section, we describe how to compute the values of all the irreducible char-
acters of GL, IF,. Just as with the symmetric groups, we will index the irreducible
characters of GL,, F, in the same way that we have indexed its conjugacy classes. The
following is a condensed review of the topic, based on Green’s work [15]. The notation
and language we use vary from Green’s original choices. For another exposition see
Macdonald [23, Chapter IV].
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3.1. COMPUTING THE IRREDUCIBLE GL,, F, CHARACTERS. We first introduce more
notation. For each positive integer d, define o : dZ — Z by aq(m) = [m/d],a. Given
a polynomial f € F(q), we will consider the function £ - ctgeg s, Which is obtained by
scaling ageg by the integer £.

We require a process called parabolic induction, which we describe now. If v =
(v1,...,) F n, let B, denote the parabolic subgroup of GL, F, consisting of

block upper-triangular matrices with block sizes v, ..., vp. Explicitly,
Ay Agg - Ay
0 A - Ay .
(42) B, = ) .| €GL,Fy:A;; € GL,, Fy forall 1 <i </
0o o -. =
0 0 0 Aw

For eachi € {1,...,¢}, let w7 : P, — GL,, F, denote projection onto the it? diagonal
block:

Ay A - Ay
0 Agp--- Ay

(43) A= 0 o eP, = 7/(A) = Ai.
0 0 0 A

Given arbitrary characters x; of GL,, F, for each ¢ € {1,...,¢}, we define their
parabolic induction product @le Xi, which is a character of GL,, F,, by

0
(44) (@x) (9) = #;3 > sz (zgz™")).
i=1 Y 2eGL,F, i=1

gz~ eP,

We now define the irreducible characters of GL,, F, in four steps. First, we define
the Primary-support characters, P. Second, we define the paraBolic characters,
B, in terms of the P’s. Third, we define the Jrreducible characters, J, in terms of the
B’s. Finally, we define the irreducible characters x2 of GL,, F, in terms of the .J 5.1
The names Primary-support, paraBolic, and Jrreducible were not used by Green.

For each b € Z and d € N, we define the Primary-support character, P%, of GLqF,
as follows:

£(u)—1 degh v
(45) Pg(g) = H (1- tz Z o( 6degh )? boif A = h+— p is primary,
i=1
0 otherwise.

For each d € Z, each v € Par \ {&} such that d divides every part of v, and each
function o : dZ — Z, we define the paraBolic character, By, of GL,| F, by

L(v)

(46) @ pov)

For each f € F(q) and A € Par, we define the Jrreducible character, J}‘, of
GLjx|-deg s Fq by

1 0.
7)\ Al-(d -1 E A Qdeg
(47) f = (_1)| I-(deg 1=1) . . Xy B(éeg(})yf'
vH|A|

(MOne might refer to this as the ‘PBJ’ method.
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Finally, for each index X : F(q) — Par satistying ||A|| = n, we define the irreducible
character x2 of GL,, F, by

A A(f)
(48) = O 7

féEsupp A

THEOREM 3.1 (Green [15, Theorem 14]). For all n € N and prime powers q, the set
{x2 : |All = n} is the set of distinct, irreducible, complex characters of GL, F,.

Green also showed that ® is commutative and associative, so it makes sense to use
an arbitrary finite indexing set for the parabolic induction product. In fact, letting
J }5 denote the empty function, which is the identity element with respect to ®, we
can define

(49) =0 Jf
fer(a)

Note that we have indexed the irreducible characters in the same way that we
indexed the conjugacy classes. Moreover, we also refer to an irreducible character as
primary if its index is primary, and we use the usual f — A notation for its index.
Thus, primary characters are those of the form xf=* for some f € F(q) and
A € Par.

ExaAMPLE 3.2. Using the notation from Example 2.10, we record in Table 3 the char-
acter table for GL3Fy. Our choice of € was made such that f3;(e3) = 0. The rows
correspond to the characters, and the columns correspond to the conjugacy classes.
In the row labels, we write, for instance, f; — (2,1) instead of x/1~(21) for simplicity.

TABLE 3. The character table of GL3 Fy, where (7 = 2™/

|| Ue|ts] B | B |G
fimLLD)[8]0]0 1 1 —1
A (21) || 6] 2] 0 -1 -1 0
@) |11 1 1 1
fs = (1) 311 | G+G+G | G+E+¢E] 0
fs = (1) 3-1| 1 | G+G+@F | G+E+¢G | 0
A, 71| -1 0 0 1

3.2. DEGREES OF THE IRREDUCIBLE GL, F, CHARACTERS. Green also gave an ex-
plicit formula for the degrees of the irreducible characters x2. For any partition \, let
b(\) = Zf(:‘l)(z —1)); and define

] = qb(/\) ] H1<i<j<g(>\) ( Ai=Xj)=(i=7) _ 1)

NN —i
TS T Y @ - 1)
THEOREM 3.3 (Green [15, Theorem 14]). For all n € N, prime powers q, and A :

F(q) — Par with |A| = n, the degree of the irreducible character x* of GL, F, is
given by

(50) A:gq

(51) degx*=(q—1)"-[n]!- [ [AG):q™].
fer(q)
EXAMPLE 3.4. We use Theorem 3.3 to calculate deg x/1(21), By Theorem 3.3,
6
deg X7 = (3], [(2,1) : 2] = [3]a! - —5 =6,

Hj:1(2j - 1) ’ Hllc:1(2k - 1)

which agrees with x> evaluated at U, as recorded in Table 3.
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The degrees of primary characters indexed by z—1 +— A for A - n have an alternate,
combinatorial description, which we mention briefly. Recall that, for a standard
Young tableau T of shape A, the major index of T is defined as the sum of all
entries ¢ in T for which ¢ + 1 appears in a lower row of T than . Furthermore, the
major index of T is denoted majT. Recall also that, given a cell a in row ¢ and
columns j of the Ferrers diagram of A, denoted a € A, the hooklength of «a is defined
by h(a) = (\i —i) + (N} —j) + 1.

THEOREM 3.5 (Stanley [29], Steinberg [31]). For alln € N, A F n, and prime powers q,
we have

Hae)\ qh(a) -1

where the sum ranges over all standard Young tableaux T' of shape A.

(52) dog o1 = g Alim @ =1 3 gt
T

3.3. CERTAIN CHARACTER VALUES. Regular semisimple elements have many nice
properties. The following theorem, which follows from Steinberg’s work, describes
one such property.

THEOREM 3.6 (Steinberg [31]). For all n € N, prime powers q, partitions A\, pu b n,
and g € 7:?((]), we have x* 17 (g) = X,’>~

Regular elliptic elements, in particular, have nice character-theoretic properties as
well. The following result echoes Corollary 2.3.

COROLLARY 3.7 (to Corollary 2.3, Proposition 2.18, Theorem 3.1, and Theorem 3.3).
Suppose n € N, q is a prime power, A : F(q) — Par with ||A]| = n, and g € T, (q)-
If x2(g) # 0, then there exist d | n, f € Fa(q), and v € {0,...,n/d — 1} such that
A=fr (n/d—r1") is primary. Moreover,

(53) deg x4 = deg,, 4,(4),
as defined in Table 1.

It follows that, when using the Frobenius formula to enumerate factorizations in-
volving regular elliptic elements, one only needs to consider characters of the form
x I (/d=r1") " Therefore, when n is understood from context, and for any d | n,
f € Falq), and r € {0,...,n/d — 1}, we define

(54) Xf’r — XfH(n/dfralr) .
We can now write down a further simplified version of (19).

COROLLARY 3.8 (to Corollary 2.2 and Corollary 3.7). For all n,k € N, u k- n, and
prime powers q, we have

k

D deg,a @ Y X9 S oxtry ).

d,f,r 9E€T(n) () heT.(q)

1

(55) gk,H(Q) = ’YT(Q)

where the sum is over all d dividing n, f € Fy(q), andr € {0,...,n/d—1}. Moreover,
the same is true when both g ,(q) is replaced with g,'i’“(q) and T,(q) ts replaced

with TH(q).
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4. PROOFS OF MAIN RESULTS

4.1. MAIN TOOL. We begin with our main tool, Theorem 1.7, a result that allows us
to evaluate primary characters on regular semisimple elements more easily. We present
some lemmas before giving the proof. In the preliminary lemmas and in Theorem 1.7,
the hypotheses include “u +n and g € 72:‘(q) 2 In all the proofs, we will assume g is in
rational canonical form and denote the distinct irreducible factors of the characteristic
polynomial of g by hy, ..., hy,) with degh; = pu; for each i € {1,...,¢(u)}. Note that
this implies each diagonal block 7#'(g) € GL,,(¢) is in the primary conjugacy class
indexed by h; — .

LEMMA 4.1. For alln € N, d | n, v+ n/d, u b n, prime powers q, g € 72:'((]), and
a :dZ — 7Z, we have B, (g) = 0 unless dv = p.

Proof. By definition,

£(v)
o 1 a(dv; v —
(56) Bi9) = 25 S T B (n (agah)
W reGL,F, i=1
zgr " €Pa,

Consider a single summand in (56), which is a product of Primary-support character
values. By definition, the Primary-support characters vanish away from primary con-
jugacy classes. Thus, the product of them vanishes if any diagonal block of xzgz~! is
not primary. So assume the product of the P characters in (56) does not vanish, and
hence each block 7 (zgx~1) is primary.

For each i € {1,...,£()}, let h; be the characteristic polynomial of 7 (zgz~").
Since zgx~' € PBg4, has a block-upper-triangular structure, its characteristic polyno-
mial equals Hf(:lll) h;. The fact that each 7 (zgz~") is primary implies that each h;
is a power p}* of an irreducible polynomial p; € F(g). On the other hand, g is regular
semisimple, meaning its characteristic polynomial has no repeated factors. Thus, each
a; = 1 and there exists a permutation o € &y, such that p; = h; = ho (i) for all
i€ {l,...,0(p)}. Computing degrees show that dv; = degh; = deg ho(iy = Moy for
all i € {1,...,¢(p)}. This implies dv = p. O

We require some more terminology before moving forward. Given u F n, refer to a
flag S, of nested subspaces
S1 CSQC"'CS@(M)
of V as a p-flag if

J
dim Sj = Z i
=1

for all j € {1,...,4(n)}. Refer to an ordered basis (ey,...,e,) of V as a basis for S,

if
€1, ...,
( Lo Z_lm)

is a basis for S; for each j € {1,...,¢(n)}. Conversely, each ordered basis (e1, ..., ey)

for V determines a pu-flag by taking the ;' subspace in the flag to be the span of

(el, ey for each j € {1,...,¢(u)}. Given a p-flag S, say that a matrix in
i=1""

GL, F, stabilizes S, if it stabilizes S; for each j € {1,...,¢(n)}.

LEMMA 4.2. For alln € N, pF n, prime powers q, and g € ED(q), we have

(57) #{r € GL Fy:xgr™ € Py} = #%, - [[ma(w).

i>1
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Proof. Viewing g abstractly as a linear transformation on V', the left side of (57) is
the number of ordered bases of V' with respect to which the matrix representing ¢ is
an element of PB,,. For any fixed basis B = (v1,...,v,) for V, being an element of B,
is equivalent to stabilizing the u-flag determined by B. Therefore, the left side of (57)
is the product of

(1) the number of u-flags that g stabilizes and

(2) the number of ordered bases for a given pu-flag.

The second part is #5,,.
For the first part, consider a u-flag

5.151C52C"'CS5(M)

that g stabilizes. For each ¢ € {1,...,4(u)}, let @Q; denote the quotient S;/S;_1,
with the convention that Sy is zero-dimensional. Note that dim Q; = p;. Under the
isomorphism (32), let E; C V denote the subspace corresponding to Fg[z]/(hi(z)) for
each i € {1,...,4(n)}. By Corollary 2.19, the only subspaces of V that g stabilizes are
direct sums of the E;’s. Therefore, each S; is a direct sum of the E;’s. This implies
each Q; is also a direct sum of the E;’s. Working backwards from Qg to Q1, we see
that Qe(u)—m,(u)+1s- - > Qeuy are all 1-dimensional and thus form a permutation of
the my () subspaces Ey(,)—m, (u)+15 - - - » Ee(uy- Likewise,

Qo) —ma (1) —ma()+15 - - > Qe(u)—mi ()

are all 2-dimensional and thus form a permutation of the mso (1) subspaces

Ep(py—mi () =ma()+15 - s Bo(uy—m (u)»
as there are no 1-dimensional F;’s remaining. Continuing in this fashion, we see that
the sequence (Q1,...,Q)) of quotients is one of Hi>1mi(u)! total possibilities.
Since the quotients determine S, uniquely, the result follows. O

We are now ready to prove Theorem 1.7. For d | n, f € Fq(q), and A F n/d, it
states that, if some part of y is not divisible by d, then x/~*(g) = 0, and otherwise,
there exists i - n/d such that u = dji, and we have

£(p)
(58) W g) = (~1)d D AH PRI
ﬂzquHz
hi(Bi)=0
Proof of Theorem 1.7. By definitions (47) and (48), we have
59 f=A _ J/\ 1 % (d— 1) XI/ Bgf g
(59) X7 g) = Ji(g) = (1) ;zy (9)-
vTd

By Lemma 4.1, Bef “(g) = 0 unless dv = p. If some part of y is not divisible by d,
then x/~*(g) =0, proving the first statement in the lemma. Otherwise, there exists
a unique partition i F n/d such that p = dji, and only the summand corresponding
to fi in (59) does not vanish. In this case, (59) reduces to

A
(60) WA (g) = (-1 DL B ),
2
By definitions (44) and (46), we can rewrite (60) as

X 1 £(p) zf )
B P g (i .
o I, > 11 mf'(zga))

zeGL, F, i=1
giilegpu

=

61) o) = (-)d
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Consider the summation in (61). It can be rewritten as

(62) S I II Pt (aga)).

z€GL, Fq 521 {jeN: p;=s}
91716‘13;&

For each z such that zgz~' € B,, consider the corresponding summand in (62).

We repeat a similar argument to the one presented toward the end of the proof of
Lemma 4.2. Note that the characteristic polynomials of {W;(xgx’l) 1jeN, p; =1}
have degree 1 and hence are a permutation of {h; : j € N, u; = 1}. Likewise, the
characteristic polynomials of {wf (zgz™') : j € N, u; = 2} have degree 2 and hence
are a permutation of {h; : j € N, p; = 2}, as there are no degree-1 factors remaining,.
Continuing, we see that, for each s € N, the degree-s characteristic polynomials of the
diagonal blocks of zgz~! are a permutation of the degree-s irreducible factors of the
characteristic polynomial of g. Moreover, the value of each Pf* ) in (62) depends
only on the characteristic polynomial of the argument. This implies that the product
of the Primary-support characters in (62) is constant over the sum. Therefore,

(63)

A 1 £(p)
noa 1y Xa F#{rx e GL,F,:zyz™ €P Oy (s
XfHk( - (_1)d(d ., AR { q ut ) I [ Py alp )(Wf(g))-

9) . o

=

By Lemma 4.2, (63) reduces to

é’(u)
(64) X g) = (~1)d @D A H R CAO)]

Consider the Primary-support character evaluatlons in (64). By (24) and definition
(45),

(65) P 29 jrer e — N7 g(8)" e

Bi G]Fq#i
hi(Bi)=0

Substituting (65) into (64) gives the result. O
EXAMPLE 4.3. Returning to Example 3.2, we compute x/37(1)(c) for ¢ € E. In the

notation of Theorem 1.7, we have d = 3, f = f3, A = (1),p = (3), 2 = (1), h1 = f5,
and £; = 1. The roots of hy are €3, €2, and €5. By Theorem 1.7,

KW = (~DFE (- ST e
h1(B8)=0
= 0(es) +0(e3) +0(c5) = G + G + 7.
We see this exact value in Table 3 above.
4.2. PROOF OF FIRST MAIN RESULT. We can now apply Theorem 1.7 to prove our
main results. We begin with Theorem 1.3, which addresses the family of cases where

pFn>2and my(u) = 1. Recall that Theorem 1.3 states, under these assumptions
on p and n,

#Tm@" - #T2(0) & (D
66 O (q) = (@)
(66) Gy T SR O W)

T

for all £ € N and prime powers g.
In the rest of this section and later, we will require some additional notation. We
will consider the logical propositions “q — 1 | £4” for various f € F1(g). Even though
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£y denotes an arbitrary choice, these propositions are well-defined for the following
reason. For any two possible choices £; and E}, there exist ¢, € Z such that

(67) p=d'lr+ilg—1),
soq—1|¢ ifand only if ¢ — 1| £}.

Proof of Theorem 1.3. By Corollary 3.8, we have
k

PEI L Y ) > X

d\n r=0 feFa(a)\9€T(n) (@) heTP(q)

gk,u(

Applying Theorem 1.7, we see that x/" vanishes on 7;':' (¢) unless d = 1. Therefore,

(68)
k

QE,H(Q) = %(q) Z_: degml,r(q)l_k Z Z X (g) Z (k)
n r=0

feFi(a) \9€Tn) () heTH(q)

We proceed to show that only the f(z) = z — 1 term does not vanish in the
sum over f € Fi(q). Consider an individual polynomial f € Fi(g). Recall from
Section 2.4.1 that the conjugacy classes in ’723 (¢) have equal sizes and each conjugacy
class is uniquely determined by a set {hi,...,hs} of distinct polynomials such that
h; € F,u,(q) for each ¢ € {1,...,¢}. Thus, by Theorem 1.7, ZheTE(q) xFr(h) is a
multiple of

(69) Z H Z ff [wilq

{h1,..she} i=1 Bi€F gu;
hie]:ui(Q) hi(Bi)=0

Since my(p) = 1, we have that (69) factors as

(70) Z H Z 0(8 @f [milg | . Z Z e(ﬂé)éf

{h1,...;he—1} =1 B €F u; he€Fi1(q) Be€Fq
hi€Fu;(a) hi(Bi)=0 he(Be)=0

The latter factor in (70) is

> X e {71, .

he€F1(q) BeeF, ¢— 1[4y,
he(Be)=0
because, by Corollary 2.6, §(3,) ranges over all (¢ — 1)*® roots of unity. Since deg f =
d =1, we can take ¢y € {1,...,q — 1}. Thus, the only non-zero contribution to the
sum over f € Fi(q) in (68) comes from the term corresponding to £y = ¢ — 1 and
hence f(z) =z — 1.
Eliminating the vanishing terms not corresponding to f(z) = z — 1 in (68) gives
k

L@ Y () > X

ge7—(n)(‘1) hETuD(q)

d
gk,,u,(q) =

By Corollary 2.3 and Theorem 3.6,
9€Tm(a) = x*"V(g) = (-1) and
he T (a) = x*71(h) =X
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Since both character values only depend on r, we have

n—1
1 - T k n—r,
QEM(Q) = Yn(q) Zdegn,lm(Q)l k. (#ﬁn)(q)(*l) ) : (#ZF(Q)X,(L ! ))
n —0
which simplifies to the result, using the notation from Table 1. O

Next is the case of p = (n — 1,1), which is addressed by Corollary 1.4. In this
case, gr,(n—1,1)(¢) equals the number of k-tuples of regular elliptic elements whose
product has exactly one eigenvalue in F, and acts as a regular elliptic element on an
(n — 1)-dimensional subspace of V. Recall that Corollary 1.4 states that

(71) gk,(n—l,l)(Q) =

#T (@O° #T1(0) () (D™
#GLn Fq q(z)(k_l)

for all n > 2, k € N, and prime powers q.

Proof of Corollary 1.4. Apply Corollary 2.3 to Theorem 1.3, observing that XEZ:;’S)
is only nonzero when r € {0,n — 1}. O

4.3. PROOF OF SECOND MAIN RESULT. Our second main result, Theorem 1.5, ad-
dresses the case u = (n). In this case, the quantity gy (,)(¢) equals the number of
k-tuples of regular elliptic elements whose product is also regular elliptic. Recall the
notation and definitions from Table 1, and recall that Theorem 1.5 states that

(72)  Gr(w)(@) = Prgsr (@) D _(=1)"FF4GED, 4 a(q) Y p(d/e)Crpsr.e(q)
dn c|ld

for all n, k € N and prime powers gq.

Proof of Theorem 1.5. By Corollary 3.8 and the fact that u = (n), we have

k41

(73)  grulg Z Z deg,, 4. ()" F Y D ()

% feFala) \9€Tn) (@)

By Theorem 2.9, the size of each conjugacy class comprising 7,y (q) is vn(q)/(¢™ —1).
Since characters are constant on conjugacy classes, we have

(74) > e = 2 S g,

9€T(n)(9) T pEFa(a)

LS}

where g, denotes an arbitrary regular elliptic element with characteristic polynomial
p. Substituting (74) into (73), we have
(75)

k+1 a1
at) = —= (20) S Y denn@ ™ X | X 1)

Tn (q) dln =0 feFalq) \pEFn(q)

k+1
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Observe that 7, (q) = ’T(E) (), so we can evaluate primary characters on 7, (q) using
Theorem 1.7. Applying Theorem 1.7 and Corollary 2.3 to (75) gives

n

-1

1 (=1)" () r n/d \k+1 C r(k+1) 1—k
wla) = . (=1)"d) (1) deg,, 4.,(q)
Pt =5 @) < n(gq —1)> d; Z::O 4rd
k+1

3 S I SIS SRTSCEE
f€Fa(a) | pEFn(a) aeIFan
p(a)=0

Using the notation established in Table 1, this is equivalent to

(76)
k1

ng,u(q() ) _ Z((_l)n/dd)kJran,kJrl,d(Q) Z Z Z e(a)éf-[n/d]qd
A g J€Fa(a) | PEFu(@) ack,
p(a)=0

Theorem 1.5 now follows from Corollary 4.4 below, which we phrase in terms of k
rather than k + 1 for the sake of simplifying the expressions. O

COROLLARY 4.4 (to Lemma 4.5 and Lemma 4.6). For all n,k € N, d | n, and prime
powers ¢,

k

1
Z Z Z f(c)lr /Ay | = y Zﬂ(d/C)Cn,k,c(Q)~
feFa(q) | peFn(a) aeFy, cld
p(a)=0

Before proving Corollary 4.4, we prove two lemmas. Given a logical proposition
P, let dp equal 1 if P is true and 0 if P is false. We will make logical propositions
of the form “b | £y - [n/d],a” or equivalently “b divides £y - [n/d],a”, where d | n,
f € Fi(q), and b is a number that divides ¢" — 1. These are not of the same form
as “g— 1] ¢;,” which we considered earlier. However, they are still well-defined for
the following reason. First, b dividing an element of Z/(¢™ — 1) is well-defined simply
because b itself divides ¢" — 1. Second, for any two possible choices £y and é} with
deg f = d, there exist i,j € Z such that

(77) Uy =q'lr+ (g = 1)
and thus
(78) Uy - Injd)ga = q'ly - [n/d]ga + j(q" — 1)

from multiplying both sides by [n/d],q. It follows that, for any b | ¢™ — 1, we have
bl Ly [n/dl4e if and only if b | &} - [n/d]4a.

LEMMA 4.5. For alln € N, d | n, prime powers q, and f € Fq(q),

(79) Yoo D 0@ =N un/s) (@ = Vg ity o/l 0

PEFn(q) aeIFan sln
p(a)=0
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Proof. By Mobius inversion, it suffices to prove

(80) Z Z Z e(a)ef‘[n/d]qd = (qn - 1)5q"71|€f'[n/d]qd'

sln peFs(q) a€F
p(a)=0

Corollary 2.5 implies that, on the left side of (80), 8(«) ranges precisely over all
(g™ — 1)*™ roots of unity. The sum of the (¢ - [n/d],a)™ powers of all (¢" —1)* roots
of unity is zero unless ¢™ — 1 divides £ - [n/d] 4, in which case the sum is ¢" — 1. [

LEMMA 4.6. For alln € N, d | n, prime powers q, and b | ¢"™ — 1,

() #EFaa): bl Infd) = 3 S /e

7 lcm n/c]qc, b)
Proof. By Mobius inversion, it suffices to prove

(82) S #{f € Fela) : bléf'[”/c]f}zlcrnf;/_d]ldl))'
cld "

View each value £ - [n/c]qe as an element of Z/(¢" — 1), as in the context of Corol-
lary 2.6. Modulo ¢ —1, there are exactly ¢ distinct choices for each £7-[n/c]4e. Namely,
given a choice for ¢y,

€f,q€f,q2€f,...,q671€f mod ¢" —

are also valid choices for /¢, and so

Cr-[nfclge,qly - n)clge, @Ply - n)Clger -y @y - 0]y mod ¢" — 1

are all the possible choices for ¢y - [n/c|qe in Z/(¢™ — 1). Recalling definition (25),
we see that those values are precisely the images under 6,, of the roots of f. Thus,
another way to interpret the sum on the left side of (82) is

Yo D e

cld feF.(q) a€F4e
f(e)=0

Therefore, by Corollary 2.6, the left side of (82) counts the elements of Z/(¢™ — 1)
that are divisible by both [n/d],« and b, which is exactly the right side of (82). [

Proof of Corollary 4.4. Using Lemma 4.5 and expanding the &' power in the state-
ment, it remains to show

k
Y #f € i) demlg™ —1oq ~ 1) g Infdlge) T[stn/s0(@ 1)

S1,..,8K |1
equals
1
g Z u(d/c)c’n,k,c(Q)'
cld

By the definition of C), 1 .(q), this is equivalent to showing that
#{f € Falq) :lem(¢®* = 1,...,¢°% = 1) [ £y - [n/d],a}

equals
q" -1
u(d/c) .
dczld: lem ([n/cge, ¢*r = 1,...,¢% — 1)
This follows from Lemma 4.6. 0
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5. ASYMPTOTIC RESULT

5.1. PREREQUISITE LEMMAS. We require some lemmas before proving Theorem 1.8,
and we introduce more notation to do so. For a complex number «, let & denote the
complex conjugate of o, and let ||a| = vaa € [0,00) denote the usual norm of a.
Define the function D : N — NU {0} by

0 ifn=1
(83) D(n) = -
max{s €N:s|nand s<n} ifn>1.

In other words, D(n) is the largest proper divisor of n, unless n = 1, and D(1) = 0.
Note that D(n) < n/2 for all n € N. In this section, we also make use of big O
notation. Recall that if S is an infinite subset of N and f,¢g : S — [0,00), then
we write f = O(g) to denote that there exist m € [0,00) and sy € S such that
f(s) <m-g(s) for all s > sq. In other words, f is big O of g if some constant multiple
of g(s) is an upper bound on f(s) for all sufficiently large s € S.

REMARK 5.1. Our aim is to use big O statements to evaluate limits as ¢ — oo.
Therefore, in all expressions involving big O notation in this section, we will take
S to be the set of prime powers and use ¢ to denote the argument of each relevant
function.

LEMMA 5.2. For alln € N, d|n, and r € {0,..., % — 1}, we have

# ot Ol )

where we define

85)  e(n,d,r) :d<r;1) n (”‘2“) —d(3;1> fdr (2 —1-7).

Moreover, e(n,d,r) is positive unless d =1 and r =0, and e(n,1,0) = 0.

Proof. The first claim follows from the fact that deg,, ;. is a rational function of ¢ and
then checking the degrees in g of the various polynomials which comprise deg,, ;4 ,.(¢).
To prove the second claim, first observe that e(n,d, r) is a quadratic polynomial in r
with critical point r = % — % and leading coefficient —d/2. This implies e(n,d,r) is
increasing for r € {0,...,% — 1}. The minimum value of e(n,d,r) on {0,..., % — 1}
is therefore achieved at r = 0. Observe that e(n,d,0) = § (n — %), which is positive
unless d = 1. Therefore, e(n,d,r) > 0 if d > 1. In the case d = 1, we have e(n,1,r) =

—2r2 + (n— 3)r, which is positive unless r = 0. The result follows. O

LEMMA 5.3. For alln € N,d | n,r € {0,...,n/d — 1}, we have

|Zserinm @)

86 max ()24 =0 (gPm—n) .

(86) FEFa(a) #Tn)(q) (q )
F@)#a—1

Proof. Applying Theorem 1.7, Corollary 2.3, (34), Corollary 2.16, and Lemma 4.5,
we have

1
(87) — X" (9)
#7—(n) (q) 96%((})

d- ‘Zsmu(n/S)(qs — 1)0gs—1j¢sin/dl 4
B 2 s (n/s)(¢° = 1)
for all prime powers ¢ and f € F;(¢q). The denominator on the right side of (87) is a

degree-n polynomial in ¢, independent of f. However, the numerator on the right side
of (87) is not necessarily a polynomial in g at all, as it also depends on ¢; which can
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vary with ¢, and the sum is inside of an absolute value. Fortunately, if ¢" — 1 does
not divide £f[n/d],a, then

S w(n/)(@® = Vg ity usa,o| < D 1(n/5)(g* = 1)]

sln s|n

(88) s<n
< Z ¢° <1+ Z q°.
L L

Therefore, in this case

1 1+ q°
89 fir <d- s|n, s<n .
(89) #Tm)(9) ge%(q) ) s (n/s)(q® = 1)

Observe that 1+ ZsmKn q° is a degree-D(n) polynomial in ¢, and the right side of
(89) is independent of f. Moreover, the condition ¢" — 11 £y - [n/d],a is equivalent to
f(z) # z — 1 because

" =1t [nfdla = ¢ -1l <= f1)=0 < f(z)=2-1

The result now follows from computing the maximum of (89) over f € F4(q) ~ {z — 1}.
O

LEMMA 5.4. For alln € N, pFn,d|n, r€{0,...,5 — 1}, we have

(90) max HZQETE(‘]) Xf,r(g)H

=0(1).
FEFa(a) T (q) M)

Proof. Consider a fixed prime power ¢ and polynomial f € Fy(q) to begin. By
Theorem 1.7, if some part of p is not divisible by d, then deTE(q) x""(g) = 0,
which satisfies the claim. So assume there exists i F n/d such that u = dji. Re-
call that, by Theorem 2.12, the conjugacy classes in 7;D(q) are in bijection with
subsets {hi,...,hyu)} C F(q) of distinct polynomials with degh; = p; for each
i€ {1,...,4(n)}. By Theorem 1.7, Corollary 2.16, and the fact that characters are
constant on conjugacy classes, we have that ) 0eTH(a) X" (g) equals

. 1 (d-1), (n/d—r,1") () 1 .
(91) Yn(q)(—1) Xi Z HT Z e(ai)éf'[/‘«i]qd.
W) (gus 1 [
H’L:l (q f ) {1, huy Y CF(q) i=1 ‘ a; €F ju;
deg h;=pu;Vi hi(a;)=0

We can now separate the outer sum in (91) according to the degrees of the distinct
polynomials h; € F,,,(q). Doing so transforms (91) into
(92)

_ Z(d— (n/d—r,1") mg () ms(u)
Y(g)(=1)d 7Dy ] d oo/l
T 115 > IT > o)t
i s>1

{P1ysPmg () }CFs(q) =1 B;€Fys
pi(Bi)=

0
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Computing the norm, applying the triangle inequality, recalling that § maps into the
unit circle in C, and applying Corollary 2.16 gives

> X

9€TP(a)
(~n/d—7‘,1r)

vn(q)‘xu ’H@)ms(u) 5 mﬁo 5 He(/@i)‘ff'[s/d]qd

1) (g
[ (em =1 (1o Prs o} CFo(@) =1 Bi€Fys
pi(Bi)=0

n/d—r,1"
la) xS

d ms (1)
II <s) >, W

o) (o,
[Li(e =1) &5 (P12 P () }CF (@)
n(q) it #F.(q)
" H s s\q —r,1"
= Iy dzs>1m (1) H (m ( )) _ #Em(q) . ’X;n/d r,1") Cd )
Hi:1 (gt —1) s>1 s(H
Thus,
1 ” #TD(Q) n/d—r,1"
59) ¥u(a) 2. X)) < @ ] e,
" lgeTB () "

The right side of (93) does not depend on f, which implies

1 T- e
(94) max —— |1 3 xFr(g) gw,’ e C)
rerata) mla) || = Yn(q)

Moreover, by Corollary 1.2, for sufficiently large g, the right side of (94) is arbitrarily
close to the constant value |X,(1"/d_r’1 )| -d“® /z,. The result follows. O

5.2. PROOF OF ASYMPTOTIC RESULT. Recall that we have defined

(95) pr(@) = 2D g g = 9cul)
k. — _Jkp\d) ’ — _Tkp
g #T(n) ()" o #T(n)(0)*
for all n,k € N, k > 2, and p - n. We can now prove our asymptotic result, Theo-
rem 1.8, which states
96 li — lim pY(q) =
(96) Jm pr(q) = lim pg () = o
Proof of Theorem 1.8. We will first prove that limg_, o pE#(q) = 1/z,. From this, it
follows that limg—,o0 px,,.(¢) = 1/2, because, for all prime powers ¢, we have py . (¢) >
pEV(q) forallvbnand ), peo(@)=1=3,.,1/%.
Consider the following formulation of pg u (¢). By its definition (15) and by Corol-
lary 3.8, we have

[y ZQE’Q”)((J)XLT(Q) ’ Zheﬁm(q)xﬁr(h)
#T(n)(q) Yn(q) - deg, 4. (@)1 ]

We want to compute lim,_, o pg L (¢), but the index set for the summation over f €
Fa(q) in (97) itself depends on g. Therefore, for each d | n, r € {0,...,n/d — 1}, and
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f € Fa(q) we define

Saetn@X @O\ [ Lherpm ()
98 B, () = T g
) ) fefzd(q)< #T(n) (0) T (q) - degy g, (@)

so that

-1

(99) (I)k,udr )
d|n

&\3

ﬁ
I
o

where the number of terms in the summation is fixed, even as ¢ varies. Theo-
rem 1.8 now follows from Lemma 5.5 below, which computes the limiting behavior of

@y pa,r(q) for each d | nand r € {0,...,n/d —1}. O
LEMMA 5.5. For alln,k e N,u bk n,d |n, and r € {0,...,n/d — 1}, we have
0 ifd>1orr>0,
(100) lim Py a,r(q) = f
g—00 1/z, ifd=1andr=0.

Proof. Consider first the case that d > 1 and r is arbitrary. Observe that || @ , 4. ()|
is bounded above by

#Fala) Hzgem) 0 X" H HZheTE<q) Xf”"(h)H

101) — 8 pax
(10) deg,, 4,(0)*! reFa(a) #Tn)(q) feFala) Yn(q)

for all prime powers q. We proceed to investigate the asymptotic dependence on g of
(101). Recall from (34) that #F4(q) = O(¢?). Combining this with Lemmas 5.2, 5.3,
and 5.4, we have

(102) ||(Dk,u,d,r(q)|| -0 (qd+k(D(n)—n)—(k—l)-e(n,d,r)) )

By hypothesis, k£ > 2, implying d + k- (D(n) —n) < d — k- n/2 < 0. Moreover, by
Lemma 5.2, (k— 1) - e(n,d,r) > 0. It follows that limg e @k p.a,r(q) =0 if d > 1.

Next, consider the case d = 1. Observing that z — 1 € Fy(q) for all prime powers
q and applying Theorem 3.6, we can rewrite ® , 1..(q) as

475 (Carhg
Yn(q) (q(”gl) [n_l}q>k_1

(103) @k 1.(q) =

T

T k o
(104) + E ' 2967—(7»)(11) x* (9) ZheTE(q) x"(h)
FeF( #Tn) (9) Tn(q) - deg,, 1, (@)F~1 ]
f(z )#Z 1

We repeat the same analysis as before, but apply it only to (104). Observe that (104)
is bounded above by

(105)
@ -1 ([0 ) [Ererpwx
deg, 1 ()*1  reri(a) #T(n)(q) fek () Yn(q)

f(2)#2—1 f(2)#2—1
Applying Lemmas 5.2, 5.3, and 5.4 again, we see that (105) is

(106) O <q1+7‘3(D(’ﬂ)—n)—(k—l)-e(n,l,r)) ’
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Observe that 1+k(D(n)—n) < 0 even if n = 1 due to the fact that k > 2 and D(1) =
and (k—1)-e(n,1,7) > 0 by Lemma 5.2. Therefore, 1+ k- (D(n)—n)—(k—1)-e(n, 1, )
is negative. It follows that the limit as ¢ — oo of (104) is zero. By Corollary 1.2, the
limit as ¢ — oo of (103) equals

if
(107) 0 1 r >0,
1/z, ifr=0.

The result now follows, as (103) makes the only potentially nontrivial contribution in
the limit ¢ — oo. O

6. FURTHER WORK

6.1. POLYNOMIALITY RESULTS. We discuss some results regarding how similar g, ,,(¢)
is to a polynomial for various choices of y1. Recall that v, (q), Pn,x(q), deg,, 4.,(q), and
D,, 1,a(q) are all rational functions of ¢ with rational coefficients.

COROLLARY 6.1 (to Theorem 1.3). Suppose n,k € N with n > 2. If u b n with
mi(p) =1, then gE#(q) is a polynomial function of q with rational coefficients.

Proof. By Theorem 1.3, gE ,.(q) agrees with a rational function P/Q with rational

coefficients at all prime powers. In particular, since gE L (¢) is an enumeration of certain
factorizations, P(q)/Q(q) € Z for all prime powers ¢. Using polynomial division over
Q, we see that there exist polynomials R and S with rational coefficients such that

P S

and deg S < deg ). Choose a positive integer d such that d- R has integer coefficients.
This guarantees d - R(q) € Z for all prime powers ¢. It follows that

(109) d-(gEZiR(q))wg%ez

for all prime powers ¢g. Taking ¢ to be sufficiently large and recalling deg S < deg @
shows that S is identically zero. Thus, P/Q = R, a polynomial with rational coeffi-
cients. ]

One might wonder if g ,(q) or gEH(q) is a polynomial function of ¢ for other
values of y, such as = (n). Note that, for all n, g,(»)(q) = #7T(n)(q) is, in fact, a
polynomial function of ¢g. Unfortunately, g (»)(q ) fails to be a polynomial function
of ¢ when k > 2. However, we can at least prove Corollary 1.9, which states that
gk,(n)(q) is @ quasipolynomial function of ¢ in the case that n is prime and k > 2.

Proof of Corollary 1.9. We will apply a similar reasoning to that stated in the proof
of Corollary 6.1. Recall that Cy,  .(¢) is not a rational function of ¢ in general, which
prevents g, (n)(¢) from being rational. Define for i € {0,1,...,n — 1} the set

(110) M; = {q prime power : ¢ =i (mod n)}.

The result will follow once we can show that, for each ¢ | n and i € {0,...,n—1}, we
have that C,, k. .(¢) becomes a polynomial in ¢ when restricted to M;.

In order to do this, it suffices to show that, for each i € {0,...,n — 1} and choice
of ¢,81,...,8k | n,

qn — 1 S1 Sk
(111) lem qc—l’q —1,...,¢°* =1
agrees with some polynomial on M;. Since n is prime, we have ¢, s1,...,s; € {1,n}.

Furthermore, if any s; = n, we have that (111) equals ¢"™ — 1, a fixed polynomial in g,
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independent of ¢ or the congruence class of ¢q. Therefore, for each choice of ¢ € {1,n},
we need only consider the case in which s; = --- = s; = 1 and hence must show that

q" —1

is a polynomial on each M;.

Observe that, if ¢ = n, then (112) equals ¢—1, a fixed polynomial in ¢, independent
of the congruence class of q. Therefore, we now need only consider the case ¢ = s; =
.- = g, = 1 and hence must show that

q" -1
11 1 — q-1
(113 an (=L 1)
is a polynomial on each M;.
Let ¢ € {0,...,n — 1} and assume ¢ = na + ¢ for some a € N. We can compute
(113) as
1 (q”—l 1) " —1 q" -1
cm | ——,g—1) = =
q—1 ged([nlg,q—1)  ged(n,g—1)
n_1q n_q q"—=1 =1
(114) - q _ =4~ S 0 !
ged(n,na+i—1)  ged(n,i—1) -1 1#£1.
The result now follows from the fact that (114) is a fixed polynomial in ¢ for each
fixed i € {0,...,n —1}. O

EXAMPLE 6.2. We now use our main results to write down alternate formulas for
g2,(2)(q) and g2 (3)(q). Note that Theorem 1.5 provides an explicit formula while The-
orem 1.8 determines the degree of the polynomials f, ..., f,—1 mentioned in Corol-
lary 1.9. First, for n = 2, we have

9(q—1)°(¢" = 3¢> + 4¢° — 50— 3) ¢ da+1)(g—1)°

(115) 92,(2) (q) = +(—-1)

8 16
for all prime powers q. Second, for n = 3, define polynomials
_ ¢®(g+1)*(g —1)"(¢° —4¢" +3¢° +5¢°> —9g + 1)
fO(q) - 27 3
CPla+1)(g—1)%(¢" +2¢° — 2¢" —3¢° +5¢° + ¢* — 9¢° — 4¢® — 2q + 2)
fl(q) - 27 3
~ ®(g+1)%(q = 1)*(¢® —4¢" +3¢> + 54> —9g + 1)
f2(q) = .
27
Letting ¢ = €27%/3, define
_f0+C2f1+Cf2 _f0+Cf1+C2f2 _Jot fit fo
e T A

Finally, we have

(116) 92,3)(@) = C"Pi(q) + (**Px(q) + Ps(q)

for all prime powers gq.

REMARK 6.3. Data suggest that g, (,)(q) might be a quasipolynomial function of ¢ for
composite n as well. For instance, go, ()(¢q) agrees with a quasipolynomial on all prime
powers. Of course, there are no prime powers congruent to 0 (mod 6). However, when
92,(6)(q) is replaced by the formula given in (11), it agrees with a fixed polynomial on
multiples of 6.
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6.2. OPEN PROBLEMS. In this section, we list some open problems. Of course, one can
continue our present line of research by looking for explicit formulas for g ,(q) and
gE #(q) for cases not yet settled by this paper. However, we also present the following
problems associated with strengthening the existing results.

We start with the observation that Theorems 1.3 and 1.5 do not answer the question
of how products of regular elliptic elements are distributed among the individual
conjugacy classes that comprise the various cycle types. Recall that gy (,)(g) counts
the k-tuples of regular elliptic elements whose product is any regular elliptic element
in GL,, IF. In particular, given a fized regular elliptic element ¢ € GL,, F,, computing
Gk,(n)(q) does not necessarily help one count the factorizations ¢ = t;---; with
t1,...,tx € T(n)(q). For example, consider the case of k = 2 for GLy F5. There are
ten different conjugacy classes consisting of regular elliptic elements, and the various
orders of such elements are 3, 6, 8, 12, and 24. Given an arbitrary regular elliptic
element x € GLgy F5 with order 3,6, or 12, there are 76 ordered pairs of regular elliptic
elements whose product equals z. On the other hand, given an arbitrary regular elliptic
element y € GL3 F5 with order 8 or 24, there are 64 ordered pairs of regular elliptic
elements whose product equals y. Refining the enumeration provided by computing
g2,(2)(5) to the level of individual conjugacy classes is thus more complicated than
simply dividing gs (2)(5) by the number of conjugacy classes that comprise 7(2)(5).
Therefore, we propose the following problem.

PROBLEM 6.4. Refine Theorems 1.3 and 1.5 to the level of conjugacy classes.

Next, we recall Corollary 1.9, which says if n is prime, then g (»(q) is a quasipoly-
nomial. Recall from Remark 6.3 that g (6)(q) is also a quasipolynomial. One might
hope that gky(n)(q) is, in fact, always a quasipolynomial.

PROBLEM 6.5. Prove that gy, (n)(q) is a quasipolynomial for composite n as well.

We conclude with a problem about g-analogues. As can be seen in (8), for some
choices of u F n and after appropriately normalizing, gEu(q) appears to be a g¢-
analogue of g, in the traditional ¢ — 1 sense. Unfortunately, it is not clear whether
Gk,(n)(q) exhibits the same behavior.

PROBLEM 6.6. Establish a precise way in which gy ) (q) is a g-analogue of gy, (n)-

As a final remark, we point out a certain incompatibility of our definition of cycle
type, inspired by [18, 32], with a related notion from more recent work. In [16, 21, 22],
the dimension of the fixed space of an element in GL, IF, plays the analogous role
to the number of cycles in a permutation in &,,. Whereas the cycle type in &,, is
a refinement of the number of cycles, our notion of cycle type in GL, F, is not a
refinement of the dimension of the fixed space. Still, it might be worth investigating
ways to reconcile these two notions.
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