ALGEBRAIC
COMBINATORICS

Arindam Biswas & Jyoti Prakash Saha

A spectral bound for vertex-transitive graphs and their spanning subgraphs
Volume 6, issue 3 (2023), p. 689-706.

https://doi.org/10.5802/alco.278

© The author(s), 2023.
This article is licensed under the

CREATIVE COMMONS ATTRIBUTION 4.0 INTERNATIONAL LICENSE.
http://creativecommons.org/licenses /by /4.0/

and is a member of the Centre Mersenne for Open Scientific Publishing

Algebraic Combinatorics is published by The Combinatorics Consortium 4
www.tccpublishing.org Wwww.centre-mersenne.org ‘. >

e-ISSN: 2589-5486

MERSENNE


https://doi.org/10.5802/alco.278
http://creativecommons.org/licenses/by/4.0/
https://www.tccpublishing.org/
www.tccpublishing.org
www.centre-mersenne.org
http://www.centre-mersenne.org/

Algebraic Combinatorics
Volume 6, issue 3 (2023), p. 689-706
https://doi.org/10.5802/alco.278
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oraphs and their spanning subgraphs

Arindam Biswas & Jyoti Prakash Saha

ABSTRACT For any finite, undirected, non-bipartite, vertex-transitive graph, we establish an
explicit lower bound for the smallest eigenvalue of its normalised adjacency operator, which
depends on the graph only through its degree and its vertex-Cheeger constant. We also prove
an analogous result for a large class of irregular graphs, obtained as spanning subgraphs of
vertex-transitive graphs. Using a result of Babai, we obtain a lower bound for the smallest
eigenvalue of the normalised adjacency operator of a vertex-transitive graph in terms of its
diameter and its degree.

1. INTRODUCTION

The graphs that are considered in this article are undirected, finite and connected.
The properties of the spectra of a graph, for instance, the distribution of eigenvalues
of its adjacency operator or its Laplacian operator, encode a lot of information about
its structural characteristics. Thus, they are an important object of study not only
in mathematics, but in other sciences as well where graph theory is applied. Some
of the structural properties, e.g. expansion, diameter, Hamiltonicity, etc. (to name a
few), are related to the spectral gap, which depending on the context can mean either
the difference between the largest and the second largest eigenvalue of its adjacency
operator, or the difference between the largest and the second largest eigenvalue in
absolute value of its adjacency operator. The study of spectral bounds, that is, bounds
for the spectral gap in terms of various invariants of a graph, is thus an important
direction of research. Moreover, the two notions of spectral gap mentioned above and
the relationship between them is interesting. Very often for applications, we need
to consider the latter notion. This motivates the question of whether the two are
equivalent or not, at least for particular classes of graphs.

1.1. COMBINATORIAL EXPANSION IMPLIES SPECTRAL EXPANSION. From the discrete
Cheeger—Buser inequality, established by Dodziuk [16], Alon and Milman [3], and
Alon [2], it follows that the second largest eigenvalue of the normalised adjacency
operator of a finite graph is bounded uniformly away from 1 in terms of its degree
and its vertex-Cheeger constant, a phenomenon which one sometimes refers to as
combinatorial expansion. If the second largest eigenvalue in absolute value of the
normalised adjacency operator of a finite graph is bounded uniformly away from 1 in
terms of its degree and its vertex-Cheeger constant, then we shall sometimes refer to
it as two-sided spectral expansion.
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Breuillard-Green—Guralnick—Tao in [10, Appendix E] showed qualitatively that for
Cayley graphs, combinatorial expansion implies two-sided spectral expansion. Later,
a quantitative version of this fact was derived by the first author [6] and the same
phenomenon with explicit bounds were also shown to hold true for variants of Cay-
ley graphs, in prior works of the authors [7, 9]. Under suitable hypothesis, there is
an interplay between the expansions of these graphs as studied in [8]. Recently, an
improved bound for Cayley graphs has been given by Moorman—Ralli-Tetali [24].
However, it is known that the above fact is not true for general regular graphs [24,
Example 2.1]. This leads to the question that for which other subclass of regular
graphs or even irregular graphs, does the above phenomenon occur. In particular,
the situation for vertex-transitive graphs, which form an important class of regular
graphs encompassing Cayley graphs, was unknown. In this article, we adapt some of
the techniques developed by Breuillard-Green—Guralnick—Tao in [10, Appendix E] for
Cayley graphs to the context of vertex-transitive graphs, and combine them with a
technique of Frefman [18], to address this issue. Further, we go beyond regular graphs
and obtain spectral bounds for irregular graphs obtained as spanning subgraphs of
vertex-transitive graphs.

1.1.1. Vertex-transitive graphs. We prove that the vertex-transitive graphs have the
property that combinatorial expansion implies two-sided spectral expansion.

THEOREM 1.1. For any finite, undirected, non-bipartite, vertez-transitive graph of de-
gree d having vertex-Cheeger constant h, the nontrivial spectrum of its normalised
adjacency operator is contained in the interval (—1 + %, 1-— % .

The above result is obtained in Proposition 4.2, which follows from Theorem 3.5,
which proves the more general statement that a non-bipartite spanning subgraph
of a finite, undirected, vertex-transitive graph has the property that the nontrivial
spectrum of its normalised adjacency operator is bounded away from —1 and 1 in
terms of its degree and its vertex-Cheeger constant if the maximum degrees of these
graphs are equal and the difference of their edge sets is ‘small’ Further, by Theo-
rem 3.5, such a result also holds for non-bipartite, spanning subgraphs of regular
graphs (with maximum degree equal to the degree of the ambient regular graph) such
that these graphs have ‘small’ difference in their edge sets, and the regular graph is
nearly vertex-transitive (see Definition 3.3). These results imply that combinatorial
expansion implies two-sided spectral expansion in more general contexts (for instance,
for ‘large’ spanning subgraphs of Cayley sum graphs), and also extend the result es-
tablished by Breuillard-Green—Guralnick—Tao for Cayley graphs [10, Appendix EJ.

For undirected, non-bipartite, vertex-transitive graphs, Theorem 1.1 gives a lower
bound for the smallest eigenvalue of the normalised adjacency operator in terms of the
vertex-Cheeger constant and the degree, thus, providing an analogue of the discrete
Cheeger—Buser inequality for the smallest eigenvalue of the normalised adjacency
operator. It would also be interesting to investigate whether an upper bound for
the smallest eigenvalue of the normalised adjacency operator in terms of the vertex-
Cheeger constant and the degree can be established for undirected, non-bipartite,
vertex-transitive graphs, or even for the special case of Cayley graphs.

Using fractional decomposition of graphs, Knox—Mohar have shown that the small-
est eigenvalue of the normalized adjacency operator of a undirected, regular, non-
bipartite, distance-regular graph with odd girth g is greater than or equal to 1 —cos g
[19, Corollary 5], generalizing and strengthening a result of Qiao—Jing—Koolen [26,
Theorem 1].
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1.1.2. Irregular graphs. Stevanovi¢ obtained a lower bound for the gap between the
maximum degree and the largest eigenvalue of the adjacency operator of an irregular
graph in terms of its number of vertices and the maximum degree [29]. For further
related results, we refer to the works of Alon-Sudakov [4], Zhang [32], Liu-Shen—
Wang [20], Cioabad—Gregory—Nikiforov [15], Cioaba [14], Zhang [31], Feng-Zhang [17].
They obtained bounds on this gap in terms of the number of vertices, and one or both
of the maximum degree and the diameter.

Note the the discrete Cheeger—Buser inequality states that the second smallest
eigenvalue of the Laplacian operator and the Cheeger constant of a finite graph con-
trols each other. As a consequence, the nontrivial spectrum of the normalized adja-
cency operator of a finite, undirected graph is bounded away from 1 in terms of its
vertex-Cheeger constant and its degree.

To the best of the knowledge of the authors, there is no known result that proves
that combinatorial expansion implies two-sided spectral expansion for a large class of
irregular graphs, in other words, a result implying that the smallest eigenvalue of the
adjacency operator of a graph with maximum degree d is bounded away from —d in
terms of its vertex-Cheeger constant and its maximum degree.

We obtain the following result for ‘large’ spanning subgraphs of vertex-transitive
graphs, thus establishing an analogue of the discrete Cheeger—Buser inequality for
these graphs.

THEOREM 1.2. Suppose T is a finite, undirected, connected, non-bipartite graph with
vertex-Cheeger constant h and mazimum degree d. Suppose it is a subgraph of a
vertez-transitive graph T such that the difference of their edge sets is ‘small.” Then
the smallest eigenvalue of the adjacency operator of T' is greater than or equal to

d (—1 + 602%), and the largest eigenvalue of the Laplacian operator of T' is less than
or equal to d (2 — %)

We refer to Proposition 5.1, Theorem 5.2 for the precise results. Theorem 5.2 also
deals with ‘large’ spanning subgraphs of nearly vertex-transitive graphs, which include
Cayley sum graphs.

1.2. SPECTRAL BOUND INVOLVING DIAMETER AND DEGREE. Aldous established that
a Cayley graph with diameter A is an ﬁ—expander [1, Lemma 3.1]. Babai proved that
a vertex-transitive graph with diameter A is also an i-expander [5, Proposition 3.5].
This result combined with Theorem 1.1 yields the following.

THEOREM 1.3. For any finite, undirected, non-bipartite, vertez-transitive graph of de-
gree d having diameter equal to A, the smallest eigenvalue of its normalised adjacency
operator is greater than —1 + m.

For a bound on the second largest eigenvalue in terms of the diameter and the
degree, we refer to the works of Saloff-Coste [27, Corollary 3.2.7], Shkredov [28].

2. NOTATIONS

Let T be a finite graph with adjacency matrix Ar. For u,v lying in the vertex set
of T', the (u,v)-th entry of Ar is equal to the number of edges from u to v if u # v,
and for v = v, the (u,v)-th entry of Ar is equal to the number of loops at u. The
matrices 1T, T} L Lp, Ly are defined as follows. The matrix Tt is diagonal, and its
(v, v)-th entry is equal to the degree of v. The matrix obtained by inverting the nonzero
diagonal entries of Tt is denoted by Tt L. The matrix Tt — Ar is denoted by Lr. The

1 1
normalised Laplacian of I is denoted by Lr and it is defined to be Ty, > L1y, *. The
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_1 1
normalised adjacency matriz of I' is T, > ApT: *. The square-graph of I' is denoted
by I'2, and it has the same set of vertices as that of I' and has adjacency matrix equal
to A%. The vertex-Cheeger constant of T is defined as
) {v e V(I') ~ X | v is adjacent to some element of X }|
min
XCV(I),0<|x|< DI |X] ’

where V(I') denotes the set of vertices of T".

In the following, (V, E) denotes a finite graph (which may contain multiple edges,
and even multiple loops at certain vertices) with |V| > 4. The maximum (resp. min-
imum) degree of (V, E) is denoted by d (resp. d’). The adjacency operator of (V, E)
is denoted by A. The vertex-Cheeger constant of (V, E) (resp. (V, E)?) is denoted
by h (resp. h). Let </ be a subset of V where the vertex-Cheeger constant of (V, E)?
is attained. The neighbourhood of a subset V' of V in (V, E) is denoted by N (V).
Henceforth, we assume that Condition 2.1 holds.

CONDITION 2.1.

(1) The graph (V, E) is undirected, that is, its adjacency matriz is symmetric.

(2) The graph (V, E) is non-bipartite.

(3) The vertex-Cheeger constant h of (V, E) satisfies the inequality h > € where
€ 1S a positive real number.

Set

ifd > 3.

oot

{2 if d = 2,
V=Vqg=

Since |V| > 4 holds and the graph (V, E) is an e-vertex expander with € > 0, it follows
that there are two distinct vertices u,v of V' which are adjacent, and

el{u, v} < |V (w) UN () ~ A, 0} < IV (u) \ {o} + IV (0) ~ {u} <2(d - 1),

which implies € < d — 1, and hence e < v —1if d = 2. If |V| is odd (resp even), then
the vertex-Cheeger constant h of (V, E) satisfies the inequality h < 2 (resp. h < 1)
and hence e <v —-1ifd > 3.

In the results below, we will work under Condition 2.2.

CONDITION 2.2. There ezists an undirected graph (V,E) of degree d (that is, its ad-
jacency matriz is symmetric and has the constant vector [1,...,1] as an eigenvector
with eigenvalue d) such that (V, E) is a subgraph of (V, E).

Under the above condition, the size of the difference of the edge sets of (V, E) and
(v, E) is denoted by r, the size of the difference of the edge sets of their square graphs
is denoted by s, the vertex-Cheeger constant of (V, E) is denoted by h. Note that 2r
(resp. 25) is equal to the difference of the sum of the entries of the adjacency operator
of (V, E) (resp. (V, E)?) and the sum of the entries of the adjacency operator of (V, E)
(vesp. (V, E)2).

REMARK 2.3. If Condition 2.2 holds, then the neighbourhood of a subset V' of V' in
(V, E) is denoted by N'(V"'). By the Birkhoff-von Neumann theorem [30, Theorem 5.5),
there exist permutations 61, ...,604 : V' — V such that the vertices v, §;(v) are adjacent
in (V,E) for any v € V and 1 < i < d, and that N (v) is equal to ud _1{0i(v)} for any
v € V. For a subset V’ of V, denote the subset 8;(V’) of N (V') by N(V’), and the
subset 0;(V') N N(V') of N(V') by N (V).
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3. BOUNDS ON THE VERTEX-CHEEGER CONSTANT OF THE SQUARE GRAPH

PROPOSITION 3.1. Suppose the vertez-Cheeger constant by of the graph (V, E)? satisfies
h < B for some 0 < 8 < e. Then, the following statements hold.

(1) The inequalities

V|- 1

Wi=s < iy

2+ 8+ 2
hold.

(2) Let 7:V — V be a bijection such that

NW(r(e))) € TN (N ()
holds. If 2;1—2ﬁ(2u +1)+ Ezzld;‘ + Bdv 4 2ds 1 then exactly one of the

E‘,(Z{l €|'9{‘
inequalities
d ds 2dr d
|.52/ﬁ(7($27))|<£(8+V+2)|d\+6—§+?r+?87
d ds dr d
|szﬂ(7'(427))|2<1£(€+V+2)>|,Q%|E§;68

holds.
Proof. Note that |« UN ()| > %
el | < el UN(H)| < IN( UN () N (o UN ()] < Bl7],

which contradicts 8 < e. It follows from the proof of [7, Proposition 2.7] that for a
subset X of V with |X| > 3|V|, the inequality

Otherwise, we obtain

IN(X) ~ X| > §|v < X]|

holds. Consequently, we obtain
elV~(FUN ()| S vVIN(FUN ()N (A UN ()| K vVINN (&) | < vB||,
which yields

Vi< Lt + 1o UN (1)
< Ller| +|/] + IV (@)
< L1t + || + 1)
< Llet| + 10| + VA (@)
< Ller| + |/ + INWV (@) + 5

< §|M|+2\d|+|N(N(d))\ﬂ|+s.

This proves statement (1).
Since s is the size of the difference of the edge sets of the square graphs of
(V,E),(V,E), it follows that

NN (7 () ~ 7()]
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Let B = &/ A(7(47))°. The identity map from V to V is denoted by id. We shall
compute certain upper bounds on |A(B)AB| and on |N(B¢)AB¢|. Tt follows that

N(B)AB
<IN AN ((r(9))) A A7) )|
<IN AN ((r(0))) At “Ar( 7|
< IN() At DN (/)" Ar(a7)|
<IN () A 4+ INF((r () Ar(a7)|
<IN A+ IN () A ())1] + 2
< Y (VI- AW noer) + 2
pe{id,r}
= 3 (VI 2W ()] + 2N (9| — 2N (D) N 6 )]) + 2
¢e{id,r}
< X (VI- 2]+ AN () N () + dr
¢pe{id, 7}
= oV -2 12 3 INUG) N 6]+ dr
¢e{id, 7}
<AV =20 +2 Y AN (B() N 6]+ 4r
ped{id, 7}
<oVl -2+ 2 3 INWVB)) N () N W 6(5)) 198 + dr
pe{id,r}
<AV -2 +2 Y WIN(S) ~ o)) +tr
¢pe{id,r}

< 2|V| - 2] + §(8+2|N( (7)) ~ ) + 4r

(/B-i-) || + 2|42f|5+f+47°+23

2
z?ﬁ(€+u+2)|,@/\+?+4r+25.

This implies that
dﬂ 2ds
IN(B)AB| < (e+u+2)|¢|+—+4dr+2ds

Note that

INY(B)ABS| <IN ) AN (1()) At AT ()|
(@ )AN () Al (7 ()]
(@) A “AN* (1( ) A(7())°]
()AL + N (1 () AT () )
()AL + V] = 2N (r()) N (7())"|

C

NN NN N
¥E T T

N

2s
(E+1/+2)|$Zf|+?+27°+28.

o |
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This yields

/3

2ds
IN(B°)AB?| < — (e + v+ 2)|o/| + — + 2dr + 2ds.

Finally, we consider the following cases, namely, |B | < % and |B| > ‘%l When

|B| < % holds, we obtain

ds
B(5+V+2)|4zf|+7+4dr+2ds

e|B| < |N(B) ~ B| < [N(B)AB| <
which gives

2d 2ds  4dr  2d

1B| < ﬁ(s+y+2)w|+—s+%+g.

From
V= [B| = |B*| = |[#A(m(«))| = 2|/| = 2|/ 0 (7())],
we obtain
2d 2ds 4dr 2d
21/ ()] < V]2 |42 ()] = |Bl < 2 ()| o7 2 4 124 222
When |B| > % holds, we obtain
2 2
e|B°| < IN(B°) ~ B°| < |N(B°)AB| < ?( +u+2)| ]+ ? + 2dr + 2ds,
which gives
2d 2d 2d
1B < 6(5+u+2)|%|+—s =
and hence
dg ds dr ds
| N (T())] 2 |«Qf\—€7(5+”+2)|@7|—§—?—?
dg ds dr ds
This completes the proof of statement (2). O

THEOREM 3.2. Assume that a group G acts transitively on V' from the left, no index
two subgroup of G acts transitively on 'V, and for any g € G, the set NN (g())) is
contained in g(N(N'())). Let i > 0 be such that for any subgroup H of G of index
two and for any u,v € V lying in the same H-orbit with u € N'(v), the inequalities
Vi

2p

hold for some integer i, , depending on u,v and lying between 1 and d.

1) If
(i) p=1, |V|>108<2+(”1)(2”1)> (ds+dr+d§>+s,

(i) |0;(Hv) N Hu| > | ,u| |0;(Hv) N HCu| >

30d g2 €

then the vertex-Cheeger constant of the graph (V, E)? is greater than %d.
(2) If

(v—1)(2v—-1) ds dr ds
=2 > 08 (24 WD Z D (ds | ar ds) o
(iii) w=2 V| O8< + 2d = + E + . +s

then the vertex-Cheeger constant of the graph (V, E)? is greater than %Zd.
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3) If

) B v-12v-1) s  d*r  dBs
(iv) w=d, |V|>108<2—|—30d3 6724_?4_? + s,

then the vertex-Cheeger constant of the graph (V, E)? is greater than %.

Proof. On the contrary, assume that the vertex-Cheeger constant b of the graph

(V, E)? satisfies h < %d. Set
dh
r:1—€—2(6+1/+2).
Since € < v — 1, it follows that
dh db w41l 3
1—pr=-22 2) < —=(2 1) < < —.
repEtri) S s e S g

Using h < %d and Equation (ii), we obtain
|| <2+h+”;’) z|V]—s
(v—1)Q2v—-1)\ (ds dr ds
>108 24+ —-—"Ft— L2
( + 30d g2 + € * €

ele+v)\ (ds dr ds
> 22
/108<2+ S0 >(52+€+8>

ros (20 2) (%22,

g2 € €

3 3 3 . . . 2 . see . .
which implies % + dE—T + % < %. Similarly, if h < =55, then Equation (iii) implies
2
g+%+% < %. Moreover, if h < 5555, then Equation (iv) implies g%—!—%-k% < %.

Consequently, 7 > = and

10
2dh 2ds 3dr 2ds 3 3
(2v+1 St <L
= D St g e S5 1 S
Consider the subset H of G defined by
ds dr ds
H:= {geg : mfﬁ(g(d))|2r|d|—g2—g—g}.

Note that H contains the identity element of G. Let g1, go be elements of H. By the
triangle inequality,
[~ (91(92())| < [~ (92()] + [(92()) ~ (91(92()))]
= |~ (9u(A))| + |7 ~ (92())]|
= || = | 0 (g1 (A))| + || — | N (g2())]

2ds  2dr 2d
<2|9Qf|—2r|ng\+5—2"’#—7#—S

o
o

)

€
which yields that

[ 1 (91(92()))| =[] = |~ (91(92()))]
> || — 2/ | + 2r|of | ( T+

—r - vl - (24 204 22,

2ds  2dr 2ds>

9 3
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If [ N (g1(g2()))| < (1 —7)| |+ % + 22 4+ 4= then we obtain

1=+ 5+ 24 L (g o))

2d 2d 2d
> r- Dl - (25 + 204 20,

3 9

which yields (3r — 2)|&7| < 38%5 + 4% + 3%5 < ‘ﬁl, which contradicts r > 10 So,
the inequality |/ N (g1(g2(«)))| < (1 —r)|/| + % + 24¢ + 95 does not hold. By
Proposition 3.1(2), H contains the product g;gs. Consequently, H is a subgroup of G.

Let t denote the cardinality of the stabiliser of an element of V under the action

of G. Note that for any g € G, the map
dNg ' = o x o, x(x,g7)

induces a map

o: [ ZNg e - o x .
9€G

Each fibre of this map contains exactly ¢ elements. This implies

o =lime)l = 3 ST el = Sl ng el

z€im(p) |§0 t z€im(p) geg
If G = H, then
Vi - 1 ds dr ds
|| 5 = [P = Z\ﬂfﬂg Y| =20 (e - S - - )
€ € €
gGQ
. . . 1 7 .
which implies r < 5 + 1—08 This contradicts the bound r > 5. So, H is a proper

subgroup of G.
The estimate

tle|? =Y | ng~' |

g€eg
|H||£/|+<dh(5+u+2)|£%+ S+@+ )|g H
yields
db
et < |H+( <e+u+2>+a) (Ig| - 1)

with a = %

1(1) implies

( IV ) ( if, ) v
dh

< (sb(g+y+2)—|—a> |Q|+<1—€2(E+V+2)—a> |H|.

Now we show that H is a subgroup of G of index two. To establish this fact, we use

1 d 1 d
<1—2(6+I/+2)—a>< —fg(s+u+2)—a,
3 € 240+ 2+ 5] €

equivalently,

vh s 2dbh
(2+h++|£{|> (1+62(E+V+2)+20¢> <3
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Since h < 57 holds with x = 15, it follows that

vh 2dh
(2+h++ WI) (1+52(€+I/+2)+2a>

<2420 s0r ) (142D ) oy 20 Adr 2
= SVTE || R e?|led|  eld| el

b s 2dh 2ds 4dr 2ds
< = — 1 —(2 1
(” @v=1)+ WI)( MRS R P I P

v-12v-1) 1 2v+1 1
<<2+ wd  Tis)\T ot

_ +2+:)Q+2+5) ifd=2,
@+1l4+1)(1+84+1) ifd>3

()

< 3.

This proves the claim that H is a subgroup of G of index two. Since no index two
subgroup of G acts transitively on V', the action of H on V has at least two distinct
orbits. Since the action of G on V is transitive, the action of H on V has exactly two

orbits. Denote the orbits of the action of H on V by Oy, O,.

Now we use Frefman’s technique [18] to conclude the proof. For any g € G~ H and
for any subsets B, C of V contained in O, Oy (in some order), the map BNg~tC —

B x C, sending x — (x, gx), induces a map ¢ : ngHc
is nonempty, then each fibre of this map contains exactly t elements and hence

Bng'C—-BxC.IfBxC

B0l =lime)= Y L1 S e =L S pagal

zeim(p) z€im(p) geH®

Note that |B x C| = deHc |BNg~'C| holds even if B x C = @. For any g € H¢,

we have

dNg e =(FNO)U(ZNO))N (g7 (o NO) U (7 NO3)))
=((ZNO)N(g NI NO)) U((# NO2)N (g~ NO1)),

which implies
|7 N O1]|«7 N Oy

1 1
= §|4A7001|\m70(92|+§|sziﬂ(92||;zfﬁ(91\

= S U@ N0 NG I N O]+ 5 3 1 10 s N Oy

gEHe geH®
1

= %gezh;c |7 Ng~ |

g;t(ig(s-l—l/-&-Q),Qﬂ—i— +2dr+i> |H|

:;t<‘§”(g+u+2)ﬂ|+ds+2dr+d>t;/

N

€
dh V| ds 2dr ds\ |V]
E2(E+l/+2)8+<62+ +6> .
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So, the orbit O of some element of V' under the action of H satisfies

ds 2dr ds) 1

db
o NO° < 2 -+ — —_—
| | \/82(€+V+ )+(52+ 5 4|V

V.

d1+25 i+, glt2sg |£{‘
€ € < 108

If the inequalities b < d1+25 and hold with 6 € {0,1},

then for any 1 < i < d
16:(0) N O]
=10,(0NF)NO|+160;(O~ )N O]
<0;()NO|+ |0\ |
=0:;(Z)N(ONA)|+10;(ONA)N(ONF)|+ |0~ ]
< 0:i() N |+ 2|0\ |
= 10;(«/) N /| +2|0| - 210N |
= |0;()NA|+|V| - 2|| + 2|7 N O°

— — ~— ~—

N

s+|./\/(£7)ﬂ£f|+s+<2+b+ )|M|—2|ﬂ|+2|¢000|

b dh ds 2dr ds 1
< 25+ 2| =) || +2 2 — 4+ =4+ = 1%
s+€\ |+<h+ >| | + \/82(5+u—|— )+(€2+ E + )4|V| |

b 2dh ds 2dr ds |4
<2 “(r+1 = 2 -+ +—
s+<€(v+ +s)+\/52 (e+v+ )+<62+ —+ >|V|>

<25+ 2yh+ th( +1)+ §+2ir+ds |V|
€ g2 e? 5 \V\

2 || ( ve N2 >|V|

S di+28 54 xd 28 o * 108

di+26 108 rdlt2é d5

2
(v—1)2 V| viv—1) 1 21/ 2v+1 1 V|
7
V]
2

v—-12% vr-1) 2v + 1
54d1+26 rdlt+2d d5 108
(v—1)2 vv-1) 2v+1 V|
<
( 54d + xd + T T 108 2d°
1 4 \ VI e g
_ (m+%+\/§+m)ﬁ if d =2,
B+f+/Shok) b ifd>3
< % ifx>9,
Wit e > 36.

So, under the hypothesis of each of statements (1), (2), (3), it follows that
Vi

0;(0O)NO
0)nol <5

for any 1 < i < d. Suppose two vertices u,v of O are adjacent in (V, E) where
OT is one of O,0¢ = V . O. Let H' denote H (resp. H® = G~ H) if O = O
(resp. OT = ©O°). Note that O = Hfu = H'v. Using Equation (i), we obtain that
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10;(O)NO| = |6;(HTv)N Hu| > for some 1 < i < d. It follows that O and O°¢ are

independent subsets of (V, E)7 1mply1ng that (V, E) is bipartite, which in turn shows
that (V, E) is bipartite, contradicting the hypothesis. So, the vertex-Cheeger constant
of the graph (V, E)? satisfies the claimed bounds. O

DEFINITION 3.3. The graph (V,E) is said to be nearly vertex-transitive under a
group G if G acts transitively on V' from the left, no indexr two subgroup of G

acts transitively on V, the set N(N(g(<7))) is contained in gIN'(N(7))) for any
g € G, and for each 60;;1 < i < d and v € V, there is an automorphism or an
anti-automorphism 1; ,, of the group G such that one of

0:(g-v) = viu(g) - 0:i(v), 0i(g-v) =in(g™") 0;(v)

holds for any g € G. In this situation, we say that (V, E) is nearly vertex-transitive
under G with respect to {t; . }.

It is worth considering nearly vertex-transitive graphs. We refer to Remark 3.6.

ProprOSITION 3.4.

(1) If (v, E) is nearly vertex-transitive under G, then for any subgroup H of G of
index two and v € V, Equation (i) holds for p = 2.

(2) If (V,E) is nearly vertez-transitive under G with respect to {tiv}, and Vi,
sends any index two subgroup of G to itself, then for any subgroup H of G of
index two and v € V, Equation (i) holds for p = 1.

(3) If (V, E) is vertezr-transitive, then for any index two subgroup H of any transi-
tive subgroup G of the automorphism group of (V, E) and v € V, Equation (i)
holds for u =d.

Proof. Note that for any two subgroups Hi, Hs of G of index two, the inequalities
|Hy N Hsy| > “Lgll JHSN HS| > ‘Hll hold. A proof of it can be found in [9].

Suppose (V, E) is nearly vertex transitive under G. Let H be an index two subgroup
of G and let HT denote one of H, H®. For any u,v € V with u = 6;(v),

16:(Hv) N H'u| = [ o (H")8;(v) N H'0;(v)|
> |($i0(HT) N HT)0;(v)

> |¢i,v(HT) N HT|
- t
1)

-2t

vl

4
holds for any 1 < i < d. So, Equation (i) holds for x4 = 2. This proves statement (1).
Moreover, if v, , fixes any index two subgroup of G, then
i (HY)NHY _ [H] _ V]
t ot 2

holds for any 1 < i < d, and hence Equation (i) holds for g = 1. This proves
statement (2).

Note that for a vertex v € V and an automorphism g of (V, E), the image of a
neighbour of v under g~ is a neighbour of g~! (v), and hence the neighbour g=*(8;(v))
of g7!(v) is equal to 6;, , (97 (v)) for some 1 < iy, ; < d. Consequently, for any
automorphism ¢ of the graph (V, E), and v €V and 1 < j <d,

0i,.., (97 (v)) = g7 (0;(v))

0;(Hv) N HTu| >
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holds for some 1 <44, < d.

Suppose G is a transitive subgroup of the automorphism group of (V, E). Let H
be an index two subgroup of G and let HT denote one of H, H®. Let u, v be elements
of V with u = 0;(v). Consider the map

VYo H = {1,2,....d}, g+ iga.

Y |H]|
d d

Note that a fibre of this map having maximal size contains at least ele-

ments, and hence for some integer 1 < ¢ < d, the inequality |H i| > @ holds where
HY = w;; (4). Thus, for any g € H*, it follows that iy, ; = 9, ;(g) = i, which yields
0i(g~"(v) = 971 (6;(v)).
This implies that
0:(H'v) N Hu| = |{8:(h~ v)|h € H'} N Hul
> |{6;(h"*v) | h € H¥} N Hul
> [{h™1(0;(v)) [ h € H*} N Hul
= |{h Y(u)|h € H*}Y N Hu|
= |{n" (u) | h € HY}]
HY|

1l
~odt
_V
2d
hold. So, Equation (i) holds for u = d. O

V

)
)

o~

THEOREM 3.5.

(1) If (V, E) is nearly vertez-transitive under G with respect to {1; .}, and 1, ,
sends any index two subgroup of G to itself, and

v-1)2v-1) ds dr ds
> RS S e
|V|/108<2+ 304 €2+E+E +s

holds, then the wvertex-Cheeger constant of the graph (V,E)? is greater
than ?i)—zd,

(2) If (V, E) is nearly vertez-transitive under G and
v-102v-1) ds dr ds
Viz108(2+—2— | (= 4+ =+ =
VI <+ 72d 52+s+s T
holds, then the wvertex-Cheeger constant of the graph (V,E)? is greater

2
g
than 754"

(3) If (V, E) is vertex-transitive and

v—-102v-1) s d’r  d3s
> A S paiing - el
|V|/108<2+ TPE = + . + 5 +s

holds, then the wvertex-Cheeger constant of the graph (V,E)? is greater
than %.

Proof. This follows from Theorem 3.2, Proposition 3.4. O
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REMARK 3.6. The consideration of nearly vertex-transitive graphs may appear su-
perfluous because a significant number of important graphs are vertex-transitive,
being Cayley graphs. However, there are several reasons for studying them. First,
the lower bound obtained for nearly vertex-transitive graphs through our method is
stronger than the bound that our method yields for vertex-transitive graphs. Next,
there are graphs of group-theoretic origin, other than Cayley graphs, which may fail
to be vertex-transitive, for instance, Cayley sum graphs. Moreover, the class of nearly
vertex-transitive graphs includes Cayley graphs, Cayley sum graphs, along with gen-
eralised Cayley graphs introduced by Marusi¢, Scapellato and Zagaglia Salvi [23],
and twisted Cayley graphs and twisted Cayley sum graphs studied by the authors [9].
Thus, the class of nearly vertex-transitive graphs includes plenty of graphs of interest
and for this class, the lower bound obtained is stronger than the bound obtained for
vertex-transitive graphs in general.

4. BOUNDS ON THE SMALLEST EIGENVALUE OF REGULAR GRAPHS

Let —1 + X\ denote the smallest eigenvalue of a d-regular, non-bipartite graph I
Since IT' is non-bipartite, it follows that A # 0. So, the second largest eigenvalue of

the normalised adjacency operator of I'? is > (1 — A\)2. This implies that the smallest

nontrivial eigenvalue of the normalised Laplacian operator of I'? is < 1 — (1 — A\)%.

By the discrete Cheeger—Buser inequality [13, Theorem 2.2], it follows that the edge-
Cheeger constant of I'? is < \/2(1 — (1 — A\)2) < 2v/A. Hence, if the vertex-Cheeger
constant of T'? is > w, then the inequality 2v\ > %% holds, and hence the smallest
eigenvalue of I' is > —1 + %. The above discussion, combined with Theorem 3.5,
yields the following.

PROPOSITION 4.1. Suppose (V, E) is regular and it is nearly vertex-transitive under G.
Then the smallest eigenvalue of the normalised adjacency operator of (V, E) is greater

than —1 + % Assume in addition that (V, E) is nearly vertez-transitive under G
with respect to {; .} and ¥;, sends any index two subgroup of G to itself. Then

the smallest eigenvalue of the normalised adjacency operator of (V, E) is greater than
4
1+ o

ProrosITION 4.2. If (V| E) is vertex-transitive, then the smallest eigenvalue of its
normalised adjacency operator is greater than —1 + ﬁ.

5. BOUNDS ON THE SMALLEST EIGENVALUE OF IRREGULAR GRAPHS

Without any assumption on the regularity of (V, E'), one obtains the following results,
which deals with a more general set-up, and under suitable hypotheses, obtains bounds
similar to those of Propositions 4.1 and 4.2.

PROPOSITION 5.1.
(1) If (V, E) is nearly vertez-transitive and
v—12v-1) ds dr ds

Viz108(|24+ ——F——— 47 42
Vi (+ 72d €2+€+€ e

then the smallest eigenvalue of the adjacency operator of (V,E) is greater

4
than d(—l + 28§74d6).

(2) If (V, E) is nearly vertez-transitive under G with respect to {ti.,}, and ;. ,
sends any index two subgroup of G to itself, and

(v—12v-1) ds dr ds
> RS S ki T T
|V|/108(2+ 304 STt )T
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then the smallest eigenvalue of the adjacency operator of (V,E) is greater
4
than d(—1 4 gozg)-

(3) If (V, E) is vertez-transitive, and
3 3 3
V| > 108 <2+ w-Dev-1) ?0(35 1)> <d523 + % + d;) +s
then the smallest eigenvalue of the adjacency operator of (V,E) is greater
than d(—1 + ggigm)-
Proof. By Theorem 3.5, it suffices to show that the smallest eigenvalue of the adja-
cency operator A of (V) E) is greater than or equal to —d (1 - %).

For an n x n Hermitian matrix M, let A{ (M) (resp. Ao(M), An—1(M), A (M))
denote its largest (resp. second largest, second smallest, smallest) eigenvalue. By the
Courant—Weyl inequality [11, Theorem 2.8.1], we obtain

M(T) = M (A% 4T — A?%) > \y(A?) + N1 (T — A?)

where T' = T(y, )2 denotes the diagonal matrix consisting of the degrees of the vertices
of (V, E)2. By [13, pp. 34-35),
2 2
_ A% > L > L
AT =4 2 55 2 5
where D denotes the maximum degree of (V, E)? and b’ denotes the isoperimetric
number™ of (V, E)2. It follows that
2
p
2D
Since (V, E) is non-bipartite, by [30, Theorems 31.11, 31.12], it follows that the small-
est eigenvalue A\, (A) of A and the largest eigenvalue A1 (A) of A have distinct absolute

values, and hence \,(A4)? # A\1(A4)? = A\;(A42%). This implies that the smallest eigen-
value of A satisfies \,(A)? < \2(A?), and this yields

b2 b2 \ " h?
M) 2 VR > - T = (1- )z a1 1)

as required. O

A2(A?) < \(T) /\1(T)fh—2 tﬁ.

For any finite, undirected, non-bipartite, vertex-transitive graph, Proposition 5.1
establishes an explicit lower bound for the smallest eigenvalue of its normalised adja-
cency operator, which depends on the graph only through its degree and its vertex-
Cheeger constant. From [9], it is known that there are non-vertex-transitive graphs
possessing the same property. One may hope to obtain irregular graphs exhibiting
this property.

It seems that such a result can be deduced froNrn Theorems 3.2 and 3.5. Indeed,
we could begin with a vertex-transitive graph (V, F) and remove few edges to obtain
an irregular graph (V, E). However, to be able to apply Theorems 3.2 and 3.5, we
need to prove that |V| is large enough in terms of d, the number of removed edges
and the vertex-Cheeger constant of (V, E). The difficulty remains in estimating the
vertex-Cheeger constant of (V, E') in order to obtain a lower bound on the number of
vertices in terms of the degree and the number of removed edges that ensures a lower
bound on the smallest eigenvalue on the adjacency operator through an application
of Proposition 5.1.

(DWe refer to [13, p. 34] for the notion of isoperimetric number of a graph.
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THEOREM 5.2.
(1) If (V, E) is nearly vertex-transitive, no index two subgroup of G acts transi-
tively on V' and ; , sends any index two subgroup of G to itself, and

4d? 2d% +2 d +1)h
V| =224 (~—|— ~+ )dr—i—dQn r < (;)7
h2 h 4

d>3,

then the smallest eigenvalue of A is greater than d (—1 + ﬁ), and the
largest eigenvalue of Ly gy is less than d (2 — %).
(2) If (V, E) is vertea-transitive, and

4d?>  2d% + 2
V| =217 (?LQ + E+ ) EBr+d%r, r<

(d +1)h
4 b

d>3,

then the smallest eigenvalue of A is greater than d (71 + 60’2’%), and the

largest eigenvalue of Ly gy is less than d (2 — 60’;%).

Proof. Note that if T" is a finite, undirected graph with minimum degree d,;, and
vertex-Cheeger constant at most 1, and if X is a subset of the set of vertices of I' where
the vertex-Cheeger constant is attained, then X contains at least % elements.
Indeed, one has
Lo 10X1 i = (X1 = 1)

RY Ry ’
which implies that |X| > %. This shows that if X is a subset of V' where the
vertex-Cheeger h constant of (V, E) is attained, then

7|N(X)\X|>|./C/(X)\X|7T>~ T~ 2r E
B |X| - | X| X d+172

h

Note that
v—-102v-1)

30d

224 > 108 (2 + 308

), 2172108(2_1_(”_1)(21/_1))

for d > 3, and
2 2 2 2
Zii_~_2d~—|-2 r}ﬂ—&—(d —i—l)r}i
B2 h h? h h?
So, under the hypothesis of part (1), we obtain

v—12v-1) ds dr ds
> RS S 2 2
V/108(2+ 304 2Tt )t

and by Proposition 5.1(2), it follows that the smallest eigenvalue of A is greater than
d (—1 + %). Moreover, under the hypothesis of part (2), we obtain
3 3 3
V] > 108 <2+ w-D@ev-1) ?0(3; 1)> (6223 + % + d;) +5,
and by Proposition 5.1(3), it follows that the smallest eigenvalue of A is greater than
a(~1+ g ).
For an n x n Hermitian matrix M, let A\ (M) (resp. A\, (M)) denote its largest

(resp. smallest) eigenvalue. By the Courant—-Weyl inequality [11, Theorem 2.8.1], we
obtain

LTS
h R’

d > M(Twv,p) = M(A+ Liv,p) = M(A) + (L, g))-
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Using the lower bound on Ay, (A), the result follows. O

By the discrete Cheeger—Buser inequality, the vertex-Cheeger constant of a Ra-

manujan graph of degree d is at least ‘17227 Vdd71. Thus, we obtain the following corollary
of Theorem 5.2.

COROLLARY 5.3. Assume that (V, E‘) is a Ramanugjan graph.

(1) If (V, E) is mearly vertex-transitive, no index two subgroup of G acts transi-
tively on V' and ; , sends any index two subgroup of G to itself, and

164 L dd® 4 4d
(d—2v/d—1)2  d—2Jd—1

then the smallest eigenvalue of A is greater than d (—1 + %), and the

(d + 1)k
4 )

|V|>224< >d7‘+d2r, r< d>3,

largest eigenvalue of Ly gy is less than d (2 — #26).

(2) If (V, E) is vertex-transitive, and

164 4d3 + 4d
V| > 217 +
Vi ((d—2\/d—1)2 d—2yd—1

then the smallest eigenvalue of A is greater than d (—1 + %), and the

(d+1)h
4 9

>d3r+d2r, r < d>3,

largest eigenvalue of Ly gy is less than d (2 — %).

Corollary 5.3 has interesting applications to spanning subgraphs of existing ex-
plicit constructions of Ramanujan graphs. Lubotzky, Phillips and Sarnak [21] and
Margulis [22] constructed arbitrarily large (p + 1)-regular Ramanujan graphs when p
is an odd prime. Chiu [12] constructed 3-regular Ramanujan graphs. Further, Morgen-
stern [25] proved that there are arbitrarily large d-regular Ramanujan graphs when
d—1 is a prime power. These graphs are Cayley graphs, and hence are nearly vertex-
transitive. By removing a small number of edges from any one of these graphs and
applying Corollary 5.3(1), we obtain examples of irregular graphs whose normalised
adjacency operators have their smallest eigenvalues bounded uniformly away from —1.
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